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a b s t r a c t

This paper presents numerical simulations and experimental studies on the frequency
domain behavior of railway track below 100 Hz, focusing on the link between the substruc-
ture properties of the track and its global dynamic response. A numerical method in the
frequency domain is first proposed and used to understand the frequency response of a
railway track with a French High Speed Line (HSL) design. Then, low-frequency receptance
measurements, performed in a specific HSL test site with different designs, are presented.
These experimental results are used to characterize a change in the track substructure.
Further analysis of the full track responses associated with peaks visible in the receptance
test is conducted using numerical simulations. In the considered test case, these simula-
tions demonstrate the existence of the superstructure and ballast resonance on relatively
soft mats.

Introduction

The structure of railway tracks has changed little over
years, and the few evolutions have been justified mainly
on empirical bases. For instance, an experimental area of
railway track over bituminous layer has been first built
in the East European High Speed Line (HSL) in 2007 on
2 km, and the favorable feedback pushed for generalization
of bituminous layers in new French HSL currently under
construction. However, railway tracks are costly to con-
struct (according to Campos and deRus (2009), the average
cost for high speed line construction is 17.5 k€/m of track
and 19 €/m for annual maintenance). This motivates stud-
ies on new designs reducing the need for maintenance. In

order to face this challenge, railway infrastructure man-
agers are willing to revise specifications related to track
design in order to increase the life span of their infrastruc-
tures. Introduction of under sleeper pads, of ballast mats,
or improvement of bearing soil capabilities are possible
solutions to do so (Esveld, 1997). Assessing the mechanical
performance of these new designs from the dynamic point
of view is then required.

Experimentally, a widespread practical approach to get
dynamic information on the global track behavior is to per-
form a receptance test. That is to measure the transfer from
force on rail to the associated displacement, usually
through a hammer test. This test characterizes the global
behavior of track for a range of frequencies and allows
the identification of the main resonances of the structure:
it characterizes the structure sensitivity to vibrations
(Man, 2002) and the dynamic flexibility of the track
(Knothe and Wu, 1998). This test is not sufficient to give
full information on track dynamic behavior under passing
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trains. To do so, the knowledge of the vehicle/track interac-
tion and of the force acting on the track is also of valuable
importance (Kouroussis et al., 2014), but receptance is a
first quite easy experiment to get insight on track behavior.
Although the results presented in this work will focus on
the track substructure, it can be noted that receptance con-
tent can also be analyzed at higher frequencies, notably to
adjust numerical model properties, as pad stiffness or
spring characteristics for spring-dampers models of track
(Kaewunruen and Remennikov, 2007; Ribeiro, 2012;
Alves Costa et al., 2012; Verbraken et al., 2013) or to detect
defects on rail (Oregui et al., 2015).

Coupled with the numerical model, receptance gives
insights on the wave propagation in the substructure lay-
ers, as used by Berggren et al. (2010) to assess soft soil
influence. The final objective of this work is to assess the
track and platform dynamic behavior under passing trains.
In that case, the characteristic lengths of the system gener-
ate excitations at frequencies that depend on train speed.
These excitations are mainly below 100 Hz (not accounting
for small rail defects and irregularities). This is the cutting
frequency used to study receptance curve in this work.

Several numerical models have been proposed in the
literature to represent track behavior. As Finite Element
Models (FEM) are widely used for engineering purposes,
various authors (Hall, 2003; Araújo, 2010; Kouroussis
et al., 2011; Ju and Li, 2011; Banimahd and Woodward,
2007; Connolly et al., 2013; Connolly et al., 2014;
Shahraki et al., 2015; Sayeed and Shahin, 2016), have rep-
resented tracks using 3D FE models. The two main draw-
backs of these models are the large computational time
and the large storage capabilities required: Ju and Li
(2011) reported 9 days of calculation and a computer
memory requirement of 6.5 GB for a model of 2 km of track
with about 13 million degrees of freedom and 4000 time
steps. Aiming at reducing time computation, authors have
proposed 2D FE models with modified plane strain
(Fernandes et al., 2014) or with modified plane stress con-
dition (Ribeiro, 2012; Paixão et al., 2015), which allows
good description of the track geometry but implies approx-
imation regarding the cross section of the track. Even if the

model is two dimensional, a track width can be specified to
compute stress in layers. To calibrate its value, a 3D com-
putation has to be made in parallel. This methodology
leads to approximations since the repartition of stress is
not uniform in the width of the track.

Considering the track as invariant in the rail direction,
different authors have proposed a coupled Finite Element
(FE)–Boundary Element (BE) numerical model in 2.5 D
(Yang and Hung, 2001; Yang et al., 2003; François et al.,
2010; Alves Costa et al., 2012). These approaches imply
approximations on the track geometry since sleepers are
discontinuous. As shown by Chebli et al. (2008), this limi-
tation can be bypassed using Floquet transforms and com-
putations on a generic 3D cell, considering track as
periodic, as illustrated in Fig. 1. Computation time is then
reduced and infinite soil layers can be considered.

Section ‘3D FEM with Floquet transform’ details a
methodology for the numerical computation in the fre-
quency domain of 3D periodic models. This methodology
is an alternative to Wave Finite Element method (Mace
et al., 2005; Collet et al., 2011) used to compute wave prop-
agation in wave guides. Links between the two approaches
have been clarified in Balmes et al. (2016). In the field of rail-
way modeling this approach is similar to the one of Chebli
et al. (2008), based on the Floquet transform of a ‘‘slice” of
the track. Outside a clarification of equations, the contribu-
tion of the section is a discussion of numerical strategies
used to reduce models in the frequency domain and to
choose wavenumbers for the spatial Fourier transform.

On a realistic track model, Section ‘Numerical applica-
tion’ then uses the proposed methodology to detail the
relation between peaks visible in receptance curves and
propagating waves in the track.

The main drawback of existing wave domain
approaches is that calculations can only be made in the fre-
quency domain. The authors of the present paper have
been long developing model reduction techniques for
nominally periodic structures which use periodic solutions
as starting vectors to build Ritz bases for the generic 3D
cell. This concept has been used in Sternchüss (2009) for
multi-stage rotors and since 2003 in the development of

Fig. 1. Track as a periodic structure, the basic cell is on the left.



the Dynavoie software (Arlaud et al., 2016). Using reduced
super-elements for basic cells enables transient analysis,
inclusion of non-linear behavior in the vehicle as well as
track, or handling of transitions. The numerical method,
detailed here, will later be used to provide a reference for
the validation that reduced models reproduce the main
features of the track dynamics. Hence the objective of this
paper to use 3D periodic computations to analyze track
dynamic properties in detail.

A drawback of the reduction methodology of Dynavoie
is that is has not yet been extended to the treatment of
exact or approximate (Komatitsch and Tromp, 2003;
Kouroussis et al., 2011; Connolly et al., 2014) representa-
tions of Sommerfeld conditions. Since the end objective
of the present work is to use reduced 3D models in the
time domain, artificial fixed or free boundaries are thus
introduced in the soil below and away from the track
and the impact of such boundaries on the responses of
interest is analyzed. Soil depth is particular analyzed,
showing that the presence of bedrock or stiffer layers in
depth allows the use of a finite depth. Soil width is also
addressed in the last section and shown to have a minor
impact in the considered case, provided a sufficiently wide
platform is modeled.

Finally, in Section ‘Experiments and modeling with dif-
ferent track designs’, the model is confronted to experi-
ments conducted on a French High Speed Line area
known to present different substructure designs. The
experiments are first used to highlight the influence of
substructure properties in the receptance curves. The influ-
ence of model parameters is discussed and the impact of
substructure designs on experimental receptance curves
is interpreted.

3D FEM with Floquet transform

In order to compute the receptance response and ana-
lyze the associated motion within the track, direct FEM
computations in the frequency domain would be too long
due to models with millions of degree of freedom and
the need to compute thousands of frequencies. Starting
from a 3D FEM model of a slice, taking into account that
the track geometry is periodic allows the use of a spatial
Fourier transform leading to Floquet transform theory as
used in Chebli et al. (2008). For each spatial wavelength,
the frequency range being known, modal models can be
used to compute many frequency points. The section thus
details the proposed numerical procedure and associated
numerical choices.

Direct and inverse Floquet transforms in the spatial domain

A structure is said spatially periodic when it is com-
posed of geometrically identical cells (labeled ‘‘slices” in
this paper), generated by a translation on a predefined
direction (x in the following work) from the reference slice.
For tracks, as displayed in Fig. 1, the evenly spaced sleepers
on which lays the rail define the minimum periodicity of
the structure in its development direction. The basic slice
width Dx is thus the sleeper spacing, 0.6 m for French HSL.

Using this geometric periodicity, any mechanical field
of interest can be represented as series of slices of number
n and position x0 within the reference slice, that is
unðx0Þ ¼ uðx0 þ nDxÞ with n 2 �1 1� ½.

For each position in the reference slice the Floquet
transform can be computed

Uðx0;jcxÞ ¼
X1
n¼�1

uðx0 þ nDxÞe�ijcxn; ð1Þ

where Uðx0;jcxÞ is a complex shape defined on the refer-
ence cell.

The conventions used in this work regarding this spatial
transform are the following:

� ncx is the wavelength or spatial periodicity in number of
cells, so ncx 2 ½1 1½. The physical wavelength kx in
length unit is then given by kx ¼ ncx � Dx.

� The discrete wavenumber jcx in rad=numberofcells is
then given by jcx ¼ 2p=ncx, so jcx 2 ½0 2p�.

The inverse Floquet transform allows recovery of the
physical field u based on its wave domain values U

uðx0 þ nDxÞ ¼ 1
2p

Z 2p

0
Uðx0;jcxÞeijcxndjcx: ð2Þ

It may be useful to note that the Floquet transform cor-
responds to the periodic function in the wave domain asso-
ciated with a Fourier series whose coefficients are the
responses at periodically spaced locations. Responses in
the frequency / wavenumber domain will thus, in later sec-
tions, be interpreted as 2D Fourier transforms of responses
sampled in the time / space domain.

A key property of periodic systems, see for example
(Sternchüss, 2009), is that for excitations at a given wave-
length, described as a field on the nominal cell Uðx0Þ asso-
ciated with a single wavenumber jcx, the only response
occurs at the same wavelength jcx provided that the geom-
etry and model properties are strictly periodic. A large FEM
problem with repeated slices can thus be decomposed in a
series of independent problems for single wavenumbers,
which correspond to periodic solutions.

For a solution with a single wavenumber jcx, the field is
simply equal to

uðx0 þ nDxÞ ¼ ReðUðx0;jcxÞeijcxnÞ; ð3Þ
which will be used to compute the periodic solutions in the
next section.

As jcx is continuous in the 0 2p½ � interval, numerical
implementations must make a choice regarding which val-
ues of jcx to consider and how to build the numerical
approximation of the inverse transform. Since the integral
is a linear function, its result can be expressed as a linear
operator

uðx0 þ nDxÞf g ¼ ½Enk�
ReðUðx0;jcxÞÞ
ImðUðx0;jcxÞÞ

� �
ð4Þ

Matrix E½ � has as many rows as cells where the displace-
ment is to be computed and as many columns as
wavenumbers chosen, with the convention j0 ¼ 0 and
the last one equal to 2p. This matrix is here defined as



Enð2k�1Þ ¼ cosðnjkÞ jkþ1 � jkð Þ þ jk � jk�1ð Þ½ �
2p

Enð2kÞ ¼ � sinðnjkÞ jkþ1 � jkð Þ þ jk � jk�1ð Þ½ �
2p

ð5Þ

which corresponds to a simple integration rule assuming
Uðx0;jcxÞ constant over the ½ðjk þ jk�1Þ=2 ðjkþ1 þ jkÞ=2�
interval. The choice of jcx will be addressed in Section ‘Im
plementation strategies’.

Periodic FEM computations

In the case of structures represented as FE models, the
continuous displacement in the nominal cell uðx0Þ is dis-
cretised and replaced by a vector qf g of Degrees Of Free-
dom (DOF) values.

To ensure the displacement continuity between adja-
cent periodic cells, a continuity condition must be intro-
duced. The displacement on the left boundary of one cell
has to be equal to the one of the preceding cell right edge,
thus qleftðnDxÞ

� � ¼ qrightððn� 1ÞDxÞ� �
. Following the defini-

tion given in the previous section, qnf g represents all the
displacements at the DOF of the cell number n. For each
cell, the observation matrices ½cl� and ½cr� can then be
defined to extract on the whole DOFs the ones correspond-
ing to left and right boundaries respectively. These matri-
ces are the same for all cells if the domain is meshed
regularly.

For a periodic response associated with a single
wavenumber, taking into account Eq. (3), the continuity
condition can be written as ½cl� QðjcxÞf g¼ ½cl� QðjcxÞf ge�2ijcx

which, differentiating real and imaginary parts, leads to

C jcxð Þ½ � ReðQðjcxÞÞ
ImðQðjcxÞÞ

� �
¼ 0; ð6Þ

with

C jcxð Þ½ � ¼ ½cl� � cosðjcxÞ½cr� � sinðjcxÞ½cr �
sinðjcxÞ½cr� ½cl� � cosðjcxÞ½cr �

� �
:

For an external force ff g applied to the system, s being
the Laplace variable, the first step is to compute the Flo-
quet (spatial Fourier) transform of the load Fðjcx; sÞ. Then
the equations of motion, which are known to be decoupled
for each wavenumber, take the frequency domain form

½ZðsÞ� Qðjcx; sÞf g ¼ Fðjcx; sÞf g; ð7Þ
where ZðsÞ ¼ Ms2 þ K is the dynamic stiffness matrix. This
matrix contains massM as well as stiffness and damping in
the matrix K. The matrix K can take into account hysteretic
damping (constant imaginary part of K) or viscoelastic con-
tributions (frequency and temperature dependent KðsÞ),
see (Balmes, 2004–2013). In the work presented in this
paper, only hysteretic damping is taken into account.

Since the frequency response can be complex in the
spatial domain, it is necessary to distinguish real and imag-
inary parts of the spatial transform. The equations actually
solved are thus

ZðsÞ 0
0 ZðsÞ

� �
Reð Qðjcx; sÞf gÞ
Imð Qðjcx; sÞf gÞ

� �
¼ ReðFðjcx; sÞÞ

ImðFðjcx; sÞÞ

� �
; ð8Þ

with (6) verified.

Solution of a linear system equation (8) with constraint
(6) is traditionally done either by penalty method,
Lagrange multipliers or elimination method (Bathe,
2006). The last solution is chosen here. The continuity con-
dition is thus taken into account by first seeking a basis T of
ker CðjcxÞ½ �ð Þ. Then this basis is used to find the solution of
the constrained problem

T½ �T Zðjcx; sÞ½ � T½ �
� 	

Q jcx; sð Þf g ¼ T½ �T Fðjcx; sÞf g: ð9Þ

Solving directly this problem can be fairly long as it
requires inversion of the constrained dynamic stiffness
TTZðsÞT at each desired frequency. Modal synthesis meth-
ods are thus preferred here. The first step is thus to com-
pute periodic modes as solution of the eigenvalue problem

TT K �x2
j M

h i
T

� 	
/j jcxð Þ� � ¼ 0: ð10Þ

Then, first order correction for the imaginary part of the
dynamic stiffness is used to obtain a reduced model for
which the frequency response can be computed efficiently
(Balmes and Germes, 2004).

Implementation strategies

The proposed implementation combines two levels of
reduction.

First, for each wavenumber, a reduced model is com-
puted. The size of this model is associated with the band-
width selected by the user. All modes within the target
bandwidth are kept and first order correction for damping
is computed for each. A by-product of this computation is
the dispersion diagram showing the evolution of modal
frequencies with wavenumber.

A sample dispersion diagram, computed using 20
wavenumbers is shown in Fig. 2(a). The corresponding
structure displayed on Fig. 2(b) is composed of rail, pads,
monobloc sleepers, resting on 75 cm of ballast. A beam ele-
ment used for the rail is rigidly connected to linear elastic
volumes used for the pad, sleeper and ballast. The proper-
ties assumed for the ballast layer are Young modulus
80 MPa, Poisson ratio 0.3, loss factor 0.06 and density
1900 kg=m3. The dispersion diagram clearly indicates that
at a given wavenumber, only a few modes exist. The use of
mode synthesis methods is thus quite appropriate.

While a deeper analysis of the dispersion diagram is
useful and will be proposed in Section ‘Resonances and
peaks of the receptance curve’, its shape was used to moti-
vate the strategy to select the wavenumbers for inverse
transform Eq. (4). This is the second step of time computa-
tion reduction. Whereas in classical discrete Fourier trans-
form wavenumbers are chosen evenly spaced in the 0 2p½ �
interval, the use of irregular spacing is proposed here. For
small wavenumbers, the frequencies evolve rapidly in the
dispersion diagram, so that close spacing is needed. At
higher wavenumbers the evolution is slower and the
wavenumber spacing can be decreased as shown by mark-
ers in Fig. 2.

To ensure that this strategy of selection of wavenum-
bers is appropriate, a comparison is made in Fig. 3 with
the classical discrete Fourier transform with evenly dis-



tributed wavenumbers. The curves are the simulated
response in displacement of the basic structure described
above to a vertical impact load on the top of the rail. In blue
is represented the response with 10 wavenumbers
unevenly spaced. It is compared with the response com-
puted with 10, 20 and 30 evenly spaced wavenumbers,
presented in the same graph. Increasing the number of

chosen wavenumbers evenly spaced leads to a receptance
curve closer to the one computed with 10 unevenly spaced
j. This shows that choosing less wavenumbers if correctly
spaced can lead to a good precision at a much lower calcu-
lation time.

This conclusion is also valid for more complex struc-
tures such as the one described and studied in the follow-
ing section, see Fig. 5.

Numerical application

Having introduced a general methodology to compute
responses of large 3D FEM in the frequency domain, this
section first analyzes the response associated with the
receptance test in the frequency, wavenumber and spatial
domains. Then, as this work is a first step for the develop-
ment of reduced FE models, limitations associated with the
bounded nature of FE models regarding the depth of soil
considered is detailed. In particular, no specific boundary
condition for frequency domain calculation are considered.
The purpose here is to show that even with this limitation,
it is possible to correctly model the behavior inside the
track, provided considering a model with a platform suffi-
ciently wide.

Model description

The proposed test case is that of the high speed bal-
lasted track presented in Costad’Aguiar et al. (2015). All
layers, sleepers and rail are considered as linear elastic
with properties summarized in Table 1, and geometry is
recalled in Fig. 9 (in this case the additional width is 2 m
and the soil depth 5 m). All elements are volumes.

Railpad is the physical link between rail and sleeper. It
is also modeled using finite elements. A specific rule is
used to build the equivalent vertical modulus (A being
the horizontal section of pad, hs the pad thickness and k
its stiffness) is

E ¼ khsð1þ mÞð1� 2mÞ
Að1� mÞ ð11Þ

which corresponds to the vertical stiffness of a volume
with sliding edges (Oregui et al., 2014). The stiffness of
pads is frequency-dependent and load dependent (Maes
et al., 2006). As stiffness increases with frequency, an inter-
polation law is used to implement varying stiffness in this
component. At 0 Hz railpad stiffness k is set to 60 kN/mm
and at 500 Hz to 400 kN/mm. These values are identified
on internal specification tests for pads, and the value at
500 Hz has been verified using the resonance of the rail
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Fig. 2. Dispersion diagram for a simple test case.
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Table 1
Material properties.

E (GPa) m q (kg/m3) g

Rail 210 0.285 7800 0.01
Sleeper 30 0.25 2400 0
Ballast 0.200 0.3 1700 0.1
Non treated subballast 0.180 0.35 2135 0.04
Form layer 0.200 0.3 1800 0.04
Soil layer 0.075 0.2 1800 0.04



over the sleepers in the receptance test (even though this is
not detailed). A parameter is also introduced to model the
rail rotation controlled by the fastening system, its value is
set to 10% of the value calculated for an isotropic pad in
compression. The shear modulus in the ballast layer is also
adjusted to 5 MPa.

For the application of a hammer impact at the top of the
rail, representative of receptance tests, Eq. (8) is solved for
sixty wavenumbers, using a discretisation of 0.5 Hz in fre-
quency for the periodic modes calculation. The spacing of
wavenumbers is uneven using a log spacing with thirty
values between 0 and 1, and a log spacing for another set
of thirty values between 1 and 2p. The influence of this
choice is discussed in the Section ‘Influence of FE represen-
tation of soil’.

Receptance is displayed in Fig. 4. Several peaks appear
in the receptance curve, the main one being at 9.7 Hz.
Due to the infinite nature of the track, this peak cannot cor-
respond to a modal resonance classically found when ana-
lyzing finite structures. Since this is not an obvious result,
mechanisms giving birth to the peaks are detailed in Sect
ion ‘Resonances and peaks of the receptance curve’.

Resonances and peaks of the receptance curve

This section seeks to illustrate the origin of peaks visible
in the receptance curve. From Eq. (1), it appears that the
full frequency response is a combination of the periodic
responses at specific wavelengths. It can thus be useful to
analyze the forced response contributions as a function
of wavelength as shown in Fig. 5. In this Figure, the col-
ormap represents the vertical displacement, from blue for
no displacement to yellow for high displacement. A hori-
zontal line in Fig. 5 represents the vertical response to a
load on the rail with the associated wavelength.

Fig. 6 represents sample curves for wavelength equal to
58 and 300 Dx. In this Figure, vertical dotted lines repre-
sent the frequencies of periodic modes solution of Eq.
(10). As expected these frequencies generate modal reso-
nances in the periodic forced response.
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For each modal resonance, it is possible to visualize
modes as illustrated in Fig. 7, where it appears that similar
motion occurs within the track with a minor shift in fre-
quency for the two wavelengths (at 10Hz for a wavelength
of 58 slices and at 9.9 Hz for a wavelength of 300 slices).

In the global receptance of Fig. 4, however, only a few
main peaks are visible and understanding their origin is
useful. Comparing the full response of Fig. 4 and its compo-
nents by wavelength in Fig. 5 reveals that peaks will
appear in the global receptance when displacement is high
for several wavelengths at the same frequency (vertical
yellow lines). This occurs when the dispersion diagram
shows nearly vertical lines: frequencies that do not change
with wavelength.

The forced response at 9.7 Hz corresponding to the
main receptance peak shown in Fig. 8 has a section defor-
mation that is very similar to the periodic modes shown in
Fig. 7. But, as it corresponds to the combination of
multiple-wavelengths, it clearly has a finite extent local-
ized around the impact point.

The main conclusion is that the peaks of the receptance
curve result from many periodic modes and do not corre-
spond to an eigenmode of the track. Furthermore, peaks
are associated with slow variations of modal frequencies
that are easily seen in the dispersion diagram. The associ-
ated deformations in the track and platform were visual-
ized and, in Section ‘Experiments and modelling with
different track designs’, will be shown to help in under-
standing the impact of substructure changes on the
dynamic behavior of the track.

Influence of FE representation of soil

Using the spatial Fourier transforms gives the ability to
compute the frequency response of very large FEM. With
the objective of verifying reduced FE models used in the

Dynavoie time domain simulations (Arlaud et al., 2015),
in this section the impact of the section geometry and its
properties will be analyzed.

The first effect to be quantified that of boundaries.
Indeed, in real tracks, waves can propagate in the soil
both laterally and vertically, whereas in FE models they
reflect on artificial boundaries unless specific models, such

(a) ncx = 58 number of slices (b) ncx = 300 number of slices

Fig. 7. Two periodic modes for ballasted track corresponding to a resonance in the receptance curve at a given wavelengths (Fig. 6).

Fig. 8. Deformation corresponding to the main peak of the receptance
curve (yellow is high displacement, to dark blue no displacement). (For
interpretation of the references to colour in this figure caption, the reader
is referred to the web version of this article.)



as boundary elements or perfectly matched layers
(Komatitsch and Tromp, 2003), are introduced. As such
developments are not easily combined with model reduc-
tion and time domain simulations, which are the end
objective here, this section analyzes the effect of classical
FEM boundaries when modeling soil. The varying parame-
ter studied in this part is soil depth, as shown in Fig. 9.

Fig. 10 addresses the impact of soil depth, considering
an additional width of 2 m as shown in Fig. 9. For constant
properties, the principal resonance peak always moves to
lower frequencies with soil depth increase. Depth of soil
thus clearly has a major impact, so that an accurate mod-
eling of soil is crucial to get correct result. To do so, a
refinement of the soil model is proposed.

Modeling soil as an uniform elastic layer is not realistic,
as physically there is a consolidation of granular materials
under pressure (Biarez and Hicher, 1994), and pressure
increases with depth in the soil layer. To take this phe-
nomenon into account, the model integrates a variable
modulus gradually increasing with pressure as

E ¼ E0
P
P0


 �n

: ð12Þ

In the soil layer, the elastic modulus follows Eq. (12)
with E0 as a fitting parameter, to adjust the Young modulus
of the layer at a known value at a chosen depth. P0 is set
equal to atmospheric pressure. Then, P ¼ Psup þ Player with
Psup the pressure at the top of the identified layer (induced
by upper layers), and Player the pressure induced by the cur-

rent layer. Player ¼ rzzþ2ryy

3 and ryy ¼ K0ryy with K0 the earth

pressure coefficient. In the following work, the value
K0 ¼ 0:5 is chosen, which leads to

E ¼ E0
Psup þ qgz

P0


 �n

: ð13Þ

rzz is the sum of the pressure exerted by the upper lay-
ers and by the gravity in the current layer. Finally, the
value of exponent n depends on the nature of soil. For a
sand, the value is close to 0.5, for clay, it is set between
0.7 and 0.9 (Biarez and Hicher, 1994).

For uniform elastic modulus and gradient elastic modu-
lus four receptances are computed using models with 3 m,
5 m, 7 m and 9 m soil depth. Fig. 11 shows the evolution of
the frequency position of the main peak of receptance with
increasing soil depth. In both cases (uniform and gradient
elastic modulus), the depth of soil considered in the model
influences the result. Considering gradient properties in
soil changes the frequency of receptance main peak.
Fig. 11 shows that this frequency does not converge, even

Fig. 9. Schematic representation of the track section and varying soil
depth to study the influence of the bounded soil modeling.
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with gradient properties. This can be a factor limiting our
ability to correctly model deep soft soil layers using FEM.
However, in real tracks, the presence of a stiffer layer or
bedrock is quite common. In this case, as shown in Sectio
n ‘Comparison between measurement and numerical
model’ combination of gradient properties in the soft part
and rigid boundaries for the stiffer part is a realistic
approximation of real cases. Then, knowledge of geological
properties of the site of interest is obviously indispensable
for accurate predictions as shown in Section ‘Comparison
between measurement and numerical model’.

Experiments and modeling with different track designs

A study on a French HSL is presented in this section. In
this specific area, receptance tests results are detailed and
the effect of substructure changes in the receptance curve
is particularly highlighted. Then, the chosen area is mod-
eled using the numerical method previously introduced.
Comparison between experiments and modeling is pro-
posed. Finally, simulations are used as a complement, in
order to give explanations to phenomena observed on
experimental results.

Test site

Receptance tests were performed in-situ at the Chau-
conin test site on the French East European HSL between
Paris and Strasbourg. As this line is currently operated,
tests were performed during night interruptions.

This area presents a transition between ballasted and
slab track as displayed in Fig. 12. Transition zones are
known to present specific behavior compared to other
areas of track (Shan et al., 2013; Mishra et al., 2014;
Momoya et al., 2015). In Chauconin test site, that four track
designs are in close proximity, the properties are described
in Costad’Aguiar et al. (2015). The objective of this section
is to assess the impact of substructure properties changes
in the global track response. The chosen transition presents
at least three changes in the substructure for a fixed super-
structure (sleepers, pads and rail). The slab track, adapted
from STEDEF design, is not studied in this paper.

Measurements were performed in the following three
different areas:

� The ballasted track: this area presents the properties of
a conventional high speed design. The capping layer is
made of compacted granular material.

� The transition zone with mat 2: this area provides the
transition of geometry for the substructure between
ballasted track and slab track as displayed in Fig. 12.
The thickness of the ballast layer is progressively
reduced in order to match the slab track profile. In the
substructure, the compacted standard granular material
layer is replaced by cement bound granular material,
designed to support the slab in the ballastless area.
Between ballast and subgrade a polyurethane mat is
introduced to provide the stiffness transition between
slab track and ballasted track.

� The transition zone with mat 1: this area has the same
characteristics as the first part of the transition, except
for the ballast mat which has different stiffness proper-
ties. This one was chosen softer than in the previous
area to progressively reach the slab track stiffness.

Measurement setup

A set of measurements was performed on each one of
these areas. 8 sensors are used, 3 on sleepers and 5 on
the top of the rail as displayed in Fig. 13. Three points of
impacts were specified, both on and between sleepers.

Characteristics of the measurement system are summa-
rized in Table 2. The sampling frequency is 4096 Hz and

Fig. 12. Description of Chauconin test site (adapted from Costad’Aguiar
et al., 2015).

Fig. 13. Experimental setup for receptance tests in Chauconin transition
zone test site.



the frequency step is 0.5 Hz. An anti aliasing filter is
included in the chosen data acquisition hardware The
hammer weight is 5.440 kg. The hammer is dropped verti-
cally at the middle of the rail head, as close as possible to
the sensor (see Fig. 13).

An example of the load impact on rail and the corre-
sponding acceleration in the time domain is presented in
Fig. 14.

The definition of the receptance H, given by Man (2002),
is the transfer function between the displacement of the
rail and the force applied. In the present case, the mea-
sured field is acceleration and not displacement, so accel-
erance is determined:

HaFðf Þ2 ¼ SaFðf Þ
SFFðf Þ ð14Þ

where HaF is the track accelerance, SaF crossspectrum
between the acceleration and the force, SFF autospectrum
of applied force.

The coherence is also computed as

CaFðf Þ2 ¼ jSaFðf Þj2
SFFðf ÞSaaðf Þ ð15Þ

A minimum of ten hammer impacts were performed at
each chosen point, and the coherence was checked in real
time (if it is inferior at 0.9, the impact was rejected and
another one was performed). A rectangular window is
applied to force and acceleration signals and this is suffi-
cient since signals decay to zero. Frequency domain double
integration is then performed on accelerance to get results
in terms of displacement.

Results

The results of experiments carried on the different areas
are displayed in Fig. 15. Each response is an average over
ten hammer impacts at the same point for the direct recep-
tance (the point where the displacement is measured is the
same as the point of loading). The coherence correspond-
ing to these receptance curves is higher than 0.99 for fre-
quencies between 10 and 100 Hz, showing very good
repeatability. The values below 10 Hz are unreliable due
to insufficient acceleration.

In the figure, impacts over multiple sleepers are over-
laid to give an indication of variability. For the transition
zone with mat 1, there is a 20% variation between the
softer measured receptance curve and the stiffer one ; for
the transition zone with mat 2, this variation is of 10%
and finally, on the ballasted track, where two campaigns
where made in a 6 month interval , the variation reaches
80%. Despite these variations, the global shape of recep-
tance curve clearly depends on the area considered. For
further analysis, focus will be on the global shape of the
responses and not on their exact amplitude.

The changes in the substructure are clearly visible: the
areas of ballasted track with mats are more flexible at low
frequencies than the area with no mat. On the contrary, for
frequencies higher than 40 Hz, areas with mats are stiffer
than the ballasted track. The change of mat is also clearly
visible. As it was stated by Costad’Aguiar et al. (2015),
the stiffness of mat 1 is between 0:022 and 0:037 N=mm3

and the one of the mat 2 is between 0:031 and
0:051 N=mm3. In the experimental results, the part of the
transition with the mat 2 has for every frequency a higher
flexibility than the transition zone with the mat 1. This dif-
ference is only due to the substructure as the superstruc-
ture in the two areas is strictly the same.

It is thus confirmed that the receptance is characteristic
of the flexibility of the track and that the impact of sub-
structure changes is sufficient to be clearly visible and thus
used as a non-intrusive diagnostic tool. The use of a model
will however be necessary to really understand the role of
various layers.

Quasi-static stiffness measurements using EMW mea-
surement system (Sodati, 2007; Wang et al., 2016) were
performed in this area and are presented in this paper
(Costad’Aguiar et al., 2015). A summary of the results is
proposed in Table 3. As EMW is a quasi-static measure-
ment of the deflection of the rail, the changes should corre-

Table 2
Measurement system properties.

Brand Type

Data acquisition software B&K PULSE Labshop v17
Data acquisition hardware B&K LAN-Xi
Accelerometers B&K 4513

DJB A/120/V
Impact hammer B&K 8050
Accelerometer calibrator B&K 4294
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Fig. 14. Example of time impacts for force and acceleration on the top of
the rail.



spond to the low frequency (below 40 Hz) trends of recep-
tance curves in Fig. 15 . The table confirms that this is
indeed the case.

As a further illustration of sensitivity to substructure
properties, measures at the transition between substruc-
ture designs are presented in Fig. 16. The blue curve, corre-
sponding to impacts on the rail at inter-sleeper just before
the last sleeper of the ballasted track with classical design,
is very similar to the blue curve of Fig. 15 which was mea-
sured far enough from the transition to not be affected by
the change. However, in the frequency range between 0
and 40 Hz, the shape is more curved than in the homoge-

neous area, affected by the presence of the mat and cement
bound capping layer below the neighboring sleeper. The
green curve presents the response at the last sleeper of
the ballasted track, the shape becomes closer to the ballast
mat area (green curve in Fig. 15), with higher amplitudes
before 60 Hz. Finally, the red curve is measured on the first
sleeper of the area with mat. Its shape is similar to the one
of the homogeneous area, but between 40 and 60 Hz the
response is still affected by the classical ballasted track,
as the amplitude is higher.

Numerical model

While the receptance tests provide a reference sensitive
to substructure properties, they do not give understanding
of the exact contributions of various layers. This motivates
the use of the numerical model for comparisons.

Three different meshes are used to model the ballasted
track, the transition zone with mat 1 and the transition
zone with mat 2. Model properties for the ballasted track
were described in Section ‘Model description’. Additional
material properties for the transition zone are summarized
in Table 4. Mat material properties have been taken in the
range given by Costad’Aguiar et al. (2015) and adjusted to
fit measured curves. The geometrical properties chosen
were shown in Fig. 12. As the recomposing by inverse Four-
ier transform requires identical slices, the three models are
computed separately. For the transition zone with mat 2,
the inclination of the mat is not taken into account, which
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Table 3
Average of the vertical deflection of the rail in mm – Results of EMW
measurements performed in Chauconin transition zone in 2008 and 2011.

BT TZ with MAT2 TZ with MAT1

2008 �0.55 mm �1.51 mm �2.32 mm
2011 �0.50 mm �1.4 mm �2.05 mm
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Fig. 16. Receptance curves measured directly at the transition between
ballasted track and transition zone with mat 2.

Table 4
Material properties.

E (MPa) m q (kg/m3) n

Mat 1 0.33 0.3 900 0.25
Mat 2 0.24 0.3 900 0.25
Cement bound layer 23,000 0.25 2000 0.04
Soil layer 1 Gradient 0.2 1800 0.04
Soil layer 2 Gradient 0.2 1800 0.04



is not a strong hypothesis as the slope of the mat is only of
0.15�. As in experiments the loading is not symmetric, the
two track rails are modeled and the impact is applied on
one side.

To identify soil parameters, geological investigations
performed before the line construction are used. These
investigations revealed that the soil is composed of two
layers: the first one of clay which is 3.8m high above a
limestone marl layer. The values of approximate seismic
wave speed in these materials are given in Pecker (2011)
and recalled in Table 5. These values are used to define
Young Modulus and Poisson ratio in soil as

m ¼ c2p�2c2s
2ðc2p�c2s Þ

E ¼ qc2s ð3c2p�4c2s Þ
ðc2p�c2s Þ

8><
>: ð16Þ

The coefficient n of Eq. (13) is set to 0.5, the target
Young modulus value is 75 Mpa at 1 m depth in the first
layer and a target value of 400 MPa at 1 m of depth in
the second and deepest soil layer are chosen.

To verify that the influence of lateral boundaries on rail
displacement remains negligible in this model, a paramet-
ric study on the chosen soil width is presented in Fig. 17
with the fixed soil depth defined for Chauconin test site.
The varying parameter is L, as defined on Fig. 9. Clearly
in this configuration, the variation of this parameter has
little impact on the main receptance peaks. Smaller peaks
due to lateral reflections are indeed changing, but their
impact on the receptance backbone is not significant, at
least compared to the major changes due to substructure
design that will be detailed next. Thus the effect of the arti-
ficial boundary can indeed be neglected.

As detailed in Section ‘3D FEM with Floquet transform’,
the computation method requires a choice on the spatial
discretisation in Eq. (8): the number of wavelengths used
for the inverse Fourier transform. Fig. 18 illustrates that
the discretization has to be small enough to be able to fol-
low frequency shifts in the dispersion diagram. A choice of
eighty wavenumbers was here chosen as best compromise
between accuracy of the result and computational time
which is directly proportional to the number of wavenum-
bers selected. It is also useful to insist on the fact that vari-
ations of smaller peaks are not of particular interest, when
compared to the major shifts due to track design and con-
sidering the influence of boundary conditions and soil
property variability.

Comparison between measurement and numerical model

Based on the sensitivity analysis of the previous section,
an additional soil width of 15 m is considered to model the
Chauconin areas. Eq. (8) is solved for eighty values of
wavenumber, using a discretization of 0.5 Hz in frequency
for the periodic modes calculation. The spacing of
wavenumbers is uneven, a log spacing with 40 values is
used between 0 and 1, and a log spacing for another set
of 40 values is taken between 1 and 2p.

The computations corresponding to the three test areas
are shown with markers in Fig. 19. The global curve levels
and shapes are very similar to the experiments. Resonance
peaks of the areas with mat are found at the same frequen-
cies in model as in experimental results. Below 50 Hz, the
transition zone with mat 1 is the most flexible, then it is
the ballasted track. The receptance curves of areas with
mat are crossing the curve of ballasted track at 50 Hz,
which is the same value as in experiments for transition
zone with mat 1. At all frequencies, transition zone with
mat 1 is softer than the one with mat 2, as observed in
experiments.

However, differences can be noticed. The first is a lower
response level in the ballasted track. The second is a wider

Table 5
P and S seismic wave speed (from Pecker, 2011).

Material cp [m/s] cs [m/s]

Clay 150 100–150
Limestone marl 1500–2000 400–600
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experimental peak for the transition zones. While under-
standing the origin of these differences remains a chal-
lenge, sources of discrepancies are known.
Heterogeneities along the track will induce variations of
the dispersion curve and thus widen peaks in the recep-
tance. Ballast properties under and between sleepers are
not constant and refinement of the current elastic model
is probably needed.

Interpretation of the receptance backbone

A main advantage of models is the ability to analyze the
response everywhere in the track.

In the present study initial computations assumed a
symmetric track. But the impact occurs on a single rail
and, in particular for the ballasted track, an anti-
symmetric mode can be found at 33 Hz and is displayed
on Fig. 20(a). The displacement associated to this fre-
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(a) Periodic mode at 33 Hz for
ncx = 50 number of slices

(b) Displacement under impact
at 33 Hz

Fig. 20. Periodic mode of the ballasted track at 33 Hz and displacement under impact at this frequency.

(a) Ballasted Track

(b) Transition Zone with MAT2

Fig. 21. Decomposition of receptance in frequency and wavelength
domains for ballasted track and transition zone. Colour is proportional
to the vertical displacement from yellow (high displacement) to dark blue
(no displacement). (For interpretation of the references to colour in this
figure caption, the reader is referred to the web version of this article.)



quency response is displayed in Fig. 20(b), the impact load-
ing point is on the first visible slice. This contribution is
clearly necessary to explain levels visible in the test (see
Fig. 19).

Comparing the frequency/wavenumber decomposition
of the receptances for ballasted and transition zones in
Fig. 21, two main differences clearly appear

� Before 50 Hz, the amplitude is globally higher for all
wavelengths in the transition zone than in the ballasted
track, with an important vertical mode at 35 Hz which
does not appear in the ballasted track.

� After 50 Hz, the effect is reversed with an amplitude
lower in the transition zone than in the ballasted track.
For the transition zone, an anti-resonance with very low
displacements is visible near 60 Hz.

The combination of resonance followed by an antireso-
nance is a classical characteristic of isolation systems. In
case of the transition zone with mats, the top layers
(superstructure and ballast) are suspended above the
mat. This suspension mode is found at 35 Hz for long
wavelengths and appears as a peak in the receptance.
Above the suspension mode, the isolation starts to kick-
in and the level drops below that of the nominal design
around 50 Hz. Around 60 Hz, the flexibility of the platform
no longer has a small effect and the isolation loses its effi-
ciency leading to visible anti-resonance.

To confirm this analysis Fig. 22 shows two cross-
sections of displacement in the transition zone with mat.
The response at 19.9 Hz, before the resonance over the
mat, shows in phase motion of ballast and soil. The line
of zero response, shown in white, isolates an area at the
edge of the track. At 50 Hz, after the resonance, the line
of zero response, occurs within the mat on the edge of
the ballast and slightly below at the centre of the track.
Thus the expected phase opposition between ballast and
soil motion is shown, which is characteristic of the
isolation.

Conclusion

A methodology to compute track response in the
frequency-wavenumber domain taking into account the
3D geometry of track has been introduced. To ease its
use, it was shown that strategies to optimize computa-
tional time by using modal synthesis method and uneven
wavenumber discretization were essential. Studying the
impact of finite boundaries was also deemed critical
because the authors are developing model reduction tech-
niques to use similar geometries for time-domain non-
linear transient simulations. Finite soil depth is to be used
with caution, knowing the real geological properties of the
track. Finite soil width was shown in the present case to
have small effects on the receptance backbone. Study of
vibrations away from the track would however probably
require the introduction of absorbing boundary conditions,
for instance combined with infinite elements (as in
Kouroussis et al., 2011 or Connolly et al., 2013).

For track design applications, the main contribution
was to demonstrate the sensitivity of the receptance to
the track substructure properties and to show how the
proposed models could be used to analyze a change in con-
figurations. On the dynamic analysis side, peaks in the
receptance were shown to correspond to accumulation of
periodic modes and not to a global resonance or eigen-
mode of the track. To perform this analysis, the decompo-
sition of the receptance in a frequency/wavelength
representation and the associated visualization of periodic
modes were shown to be useful.

On the experimental side, receptance tests in an area
presenting different substructures demonstrated signifi-
cant effects with fairly clear changes over the frequency
band below 100 Hz. The numerical models were then used
to demonstrate that the main effect could, in this case, be
explained as a resonance of the superstructure and ballast
on relatively soft mats.

The model reduction techniques of Arlaud et al. (2016),
while initially meant for time domain transients with vari-

(a) TZ before resonance (b) TZ after resonance

Fig. 22. Cross section of TZ displacement. White line corresponds to zero response.



able properties, can also be used to gain orders of magni-
tude in computation time for the responses shown here.
Establishing the domain of validity of these models is thus
seen as a process where part of the computations shown
here will be used as reference. Sensitivity to variability
along the track and uneven properties of ballast under
and between sleepers also seem important topics to
address.
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