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Résumé en français

Introduction

Contexte général

Le réseau ferré français est constitué de plus de30000km de voies dont la moitié est alimentée
en électricité. Le réseau électri�é est le plus intensément utilisé puisque plus de90% du tra�c de
passagers se fait sur celui-ci. En Chine, ce sont plus de60000km de voies électri�ées qui sont en
service actuellement, avec un réseau en pleine croissance. Le train à alimentation électrique est donc en
continuelle expansion dans le monde. L'énergie électrique est habituellement collectée à l'aide d'une
ligne de contact située en hauteur sur la voie et d'un pantographe �xé au dessus du train. Ce système
d'alimentation est le seul viable à haute vitesse en milieu extérieur actuellement.

Ce système a pourtant ses limitations. Les ondes générées par l'interaction pantographe-caténaire
se propageant dans les câbles vers l'avant du pantographe sont le principal facteur limitant la vitesse des
trains. L'onde se propageant vers l'arrière du pantographe peut quant à elle perturber le captage d'un
second pantographe le cas échéant.

Par ailleurs, les conséquences d'un accident caténaire peuvent engendrer un retard de l'ensemble
du tra�c ayant des conséquences économiques importantes. Il est donc nécessaire d'avoir une bonne
estimation de la durée de vie des composants de la caténaire. Pour ce faire, des contrôles visuels et des
mesures de géométrie sont effectués périodiquement. Ces contrôles sont lents et peu adaptés à l'intensité
du tra�c actuelle et future.

Pour augmenter la périodicité du contrôle de l'état de la caténaire, le train instrumenté IRIS320 a été
équipé d'un pantographe permettant de mesurer l'effort de contact jusqu'à320km=h. L'objectif était
d'exploiter ces efforts de contact pour détecter les défauts dans la caténaire et à long terme développer
les stratégies de maintenance conditionnelle. La thèse de Jean-Pierre Massat [1] ouvrait ce sujet et
a mené à de bonne détections de défauts types mais les résultats n'étaient pas assez �ables pour être
industrialisés. L'une des conclusions de ces travaux a été que la variabilité de l'effort mesurée était trop
importante car trop sensible à la vitesse du train et au vent. De plus, les efforts étant �ltrés à20Hz, les
défauts locaux sont très dif�cilement détectables.

Les mesures dynamiques sont très limitées, les seules grandeurs observées sont les forces accéléra-
tions dans le pantographe et le soulèvement du �l de contact au poteau. De plus, les conditions d'essais
sont limitées par le prix et il est dif�cile d'obtenir les bonnes vitesses, combinaisons de pantographes,
vent, ... Il est donc indispensable d'enrichir les essais grâce à des modèles numériques donnant accès à
toutes les variables d'intérêt et permettant de tester des conditions critiques rares. Depuis 2003, SNCF
et SDTools développent le logiciel OSCAR permettant la simulation dynamique pantographe-caténaire.
Cette thèse représente l'aboutissement actuelle du logiciel et a pour objectif d'orienter la conception
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Résumé en français

de caténaires en développant la compréhension du système couplé ainsi que d'améliorer la robustesse
de l'outil de simulation en introduisant les variabilités potentielles. Ces travaux ont été rendus possi-
bles grâce à une forte amélioration des performances d'OSCAR qui permet maintenant d'effectuer des
études paramétriques et statistiques détaillées.

Contributions de la thèse

Les modèles d'interaction pantographe-caténaire sont généralement exploités pour la conception
de couples permettant une réduction de la maintenance et une augmentation de la durée de vie. Pour
l'homologation virtuelle, l'outil de simulation peut être utilisé pour détecter les conditions les plus
critiques et ainsi réduire le nombre d'essais nécessaires. Pour améliorer la conception du couple, la
première étape est de comprendre les phénomènes intervenant dans le système. Chacun des éléments
du couple a son propre comportement dynamique et le contact glissant génère des ondes dans les câbles
qui complexi�ent fortement l'étude.

Les ondes générées à l'avant du pantographe représentent le principal verrou à la très haute vitesse.
Quand la vitesse du train s'approche de celle des ondes dans les câbles, les niveaux d'efforts et de
soulèvements augmentent fortement et endommagent la caténaire et le pantographe. À vitesse plus con-
ventionnelle, l'onde se propageant vers l'arrière perturbe le contact mécanique du pantographe suiveur.

La première contribution de cette thèseest le développement d'une meilleure compréhension de
l'interaction dynamique entre le pantographe et la caténaire. Cette interaction a été décomposée en
différents phénomènes tels que la réponse dynamique du pantographe à la géométrie de la caténaire, la
propagation des ondes et le comportement dynamique de la caténaire. Comprendre la contribution de
chacun de ces phénomènes est indispensable à l'amélioration de la conception.

La deuxième contributionconcerne la réduction de l'incertitude épistémique existant dans le mod-
èle. Ainsi, la raideur de contact a été confrontée aux théories de contact locales, l'amortissement a
été recalé sur des essais originaux réalisés sur une caténaire à taille réelle et l'in�uence de la taille des
mailles du modèle éléments �nis (EF) a été analysée. La deuxième orientation majeure de ces travaux

est la caractérisation des incertitudes et la proposition de stratégies pour son exploitation Latroisième
contribution concerne la caractérisation statistique des paramètres physique de la caténaire à l'aide des
mesures disponibles. Une première analyse de sensibilité a permis d'orienter les travaux en comparant
différentes sources de variabilité. Une étude sur une portée isolée a ensuite été effectuée puis étendue à
l'ensemble du canton. À partir de ce modèle statistique de géométrie de caténaire, laquatrième con-
tribution a été de propager ces incertitudes à travers les modèles statiques et dynamiques, de dé�nir les
critères adéquats de chacun de ces modèles et de discuter de l'utilisation possible de critères liés à la
géométrie statique de la caténaire pour caractériser la qualité de contact dynamique.

R.1 État de l'art

La majorité des lignes ferroviaires électriques longue distance sont équipées de caténaires, structures
composées d'un ensemble de câbles, dans lequel circule le courant. Celui-ci est capté à l'aide d'un
pantographe qui est �xé sur le toit du train. Le glissement du pantographe sous la caténaire est un
problème mécanique non linéaire complexe.

Ce chapitre reprend les problématiques actuelles industrielles dans la section R.1.1 puis scienti�ques
dans la section R.1.2. Une analyse de sensibilité préliminaire est ensuite développée en section R.1.3
pour orienter sur le choix des travaux à développer par la suite.
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R.1.1 Contexte industriel

Les deux ensembles mécaniques nécessaires au captage sont la caténaire et le pantographe. La �gure
R.1 détaille les composants de la caténaire. Elle est constituée d'un câble porteur (bleu) qui soutient un
�l de contact (orange) pour le maintenir horizontal à l'aide de pendules placés ponctuellement entre les
portées. Le câble porteur est accroché aux poteaux par l'intermédiaire de consoles. Le �l de contact
est quant à lui accroché à la console par l'intermédiaire d'un bras de rappel qui permet d'appliquer
un effort horizontal sur le �l et ainsi induire un désaxement pour répartir l'usure du pantographe sur
une large bande. La tension mécanique dans les câbles est régulée grâce à des équipements tendeurs
(système de masses et poulies) qui permettent de garder une tension quasi constante sur une large plage
de température.
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Figure R.1: Composition d'une caténaire25kV

Le pantographe est un assemblage de tubes articulés représenté �gure R.2 qui adapte son dé-
ploiement en fonction de la caténaire pour conserver un contact permanent avec le �l de contact. L'effort
statique est contrôlé à l'aide d'un coussin pneumatique et de bielles. La partie du pantographe en con-
tact avec la caténaire s'appelle la bande de frottement, c'est la pièce d'usure du système. Elle est �xée
sur un archet qui est lui-même �xé sur le grand cadre par l'intermédiaire de boites à ressort servant à
absorber les vibrations hautes fréquences.

Le principal problème rencontré dans cette interaction dynamique entre le pantographe et la caté-
naire est la dégradation du �l de contact et des bandes de frottement due à une usure mécanique lorsque
l'effort appliqué est trop important ou à une usure électrique lorsque l'effort appliqué est insuf�sant. En
effet, il se forme dans ce cas des arcs électriques qui endommagent rapidement le système. L'évaluation
de la qualité du contact se fait actuellement à l'aide de deux critères détaillés dans la norme européenne
EN50317 [2]. Le premier est un critère électrique basé sur des mesures optiques,NQ (non-qualité)

3



Résumé en français

�������������������������	�����	

�
���������	

�
���	���	����������������������

������������������������������������

������������������������������

����������������������������������

������������������������������

�����������	��������

����������������
�������������	��������

��������������������������������

Figure R.2: Composition des pantographes GPU (gauche) et CX (droite)

dont la valeur doit être inférieure à0:2. Uniquement les arcs d'une durée de plus de5ms sont pris en
comptes. Leur temps cumulé est divisé par le temps pendant lequel le courant collecté est supérieure à
30%du courant nominal.

NQ =
100� (Temps d'arc cumulé)

Temps de captage réel
(R.1)

Le deuxième critère est mécanique et utilise l'effort contact. Il est basé sur l'hypothèse que l'effort
de contact �ltré à20Hz suit une loi normale et que les arcs électriques se forment lorsque l'effort est
nul (ou négatif). Cela signi�e que la probabilité d'arc est de moins de0:14%si la condition

Fm � 3 � � (Fc)20Hz > 0 (R.2)

est remplie. Ce critère mécanique est donc en théorie équivalent au critère électrique mais cette équiva-
lence n'a pour l'instant jamais été démontrée.

Ces critères sont utilisés lors de l'homologation de matériels roulants ou de caténaires. A�n d'éviter
de devoir homologuer chaque train pour chaque caténaire, des spéci�cités techniques d'interopérabilité
(STI) ont été développées en Europe. Malgré cela, le nombre d'essais pour homologuer un train reste
important. L'utilisation d'outils de simulation pourrait permettre de réduire ce nombre comme l'a mon-
tré le sous-projet PantoTRAIN du projet européen TrioTRAIN lancé en 2009. L'un des principaux
problèmes est actuellement la variabilité des résultats des essais qui ne peut pas être reproduite à l'aide
des simulations déterministes.

Du point de vue de la maintenance de la caténaire, les normes françaises IN1797 [3] indique que la
géométrie de la caténaire (hauteur du �l de contact par rapport au rail) doit être contrôlée périodique-
ment. Ces normes permettent de s'assurer que la géométrie de la caténaire est proche de la géométrie de
conception. C'est de cette manière que la qualité de captage est supposée être assurée. Il n'existe donc
actuellement pas de lien direct entre normes de maintenance et qualité de captage.
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R.1.2 Contexte scienti�que

Le modèle d'interaction pantographe-caténaire est utilisé pour de nombreuses applications indus-
trielles pour la maintenance (usure, fatigue) comme pour la conception (optimisation du couple pantographe-
caténaire, étude de propagation des ondes) et de nombreux outils de ce type ont été développés dans le
monde [4]. De son coté, SNCF développe depuis 2004 un de ces outils de simulation sous le nom de
OSCAR (Outil de Simulation du CAptage pour la Reconnaissance des défauts). C'est sous ce logiciel
que l'ensemble des travaux a été effectué.

La caténaire, �gure R.3 (gauche), est modélisée en éléments �nis par des poutres pour les câbles,
des masses pour les griffes et des barres pour les autres éléments. Le pantographe est modélisé par
un système masses-ressorts (droite) qui permet de représenter les premiers modes de vibration du pan-
tographe. Le contact est effectué à l'aide d'une raideur de contact représentant l'interpénétration entre
la bande de frottement et le �l de contact.

m3

m2

m1

d3 k3

d2 k2

d1 k1

Figure R.3: Modèle éléments �nis d'un canton de caténaire (gauche) et modèle masses-ressorts d'un
pantographe (droite)

L'objectif de la simulation dynamique est d'obtenir l'effort de contact et les soulèvements de la
caténaire a�n d'évaluer la qualité de captage. Les récentes améliorations des outils de simulation et
l'augmentation rapide de la puissance de calcul permet aujourd'hui de réaliser rapidement des études
paramétriques. Des cartes d'efforts de contact et des amplitudes de leur spectre spatial en fonction de
la vitesse du pantographe ont ainsi pu être obtenues. La �gure R.4 montre deux de ces cartes. On
observe clairement une périodicité spatiale de l'effort de contact avec un maximum local positionné en
�n de portée avant le dernier pendule. Cette périodicité se retrouve aussi sur le spectre d'amplitude.
On observe de nombreuses lignes verticales et de courbes qui se croisent. Certaines de ces courbes
deviennent droites lorsqu'on observe ce spectre dans le domaine spatial. Les variations de l'effort de
contact sont donc générées par des phénomènes spatiaux et temporels.
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Figure R.4: Effort de contact le long d'une portée �ltré à0:22m� 1 avec les pendules indiqués en
lignes discontinues et les poteaux en trait plein (gauche) et l'amplitude de son spectre spatial (droite)
en fonction de la vitesse du pantographe

La �gure R.5 montre le soulèvement du �l de contact sous un bras de rappel et le spectre d'amplitude
de son accélération. A gauche, on observe clairement une zone de transition aux environs de170km=h.
A droite, un réseau de courbes peut être observé et la coïncidence de celles-ci entraine une localisation
fréquentielle d'énergie importante pour certaines vitesses du pantographe.

Figure R.5: Soulèvement du �l de contact sous un bras de rappel en fonction de la position du pan-
tographe (gauche) et amplitude du spectre temporel de ce soulèvement (droite) en fonction de la vitesse
du pantographe

Les phénomènes identi�és qui apparaissent sont la réponse dynamique du pantographe à la géométrie
statique de la caténaire, les propagations des ondes dans les câbles et leur ré�exion/transmission sur les
pendules, bras de rappel ou poteaux.

L'outil de simulation est suf�samment évolué pour étudier ces phénomènes. Pourtant, de nom-
breuses incertitudes subsistent. Certaines sont irréductibles, elles sont générées par des sources aléa-
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toires qu'il est possible de caractériser statistiquement. La �gure 1.28 reprend l'ensemble des sources
potentielles de cette variabilité.

Un autre type d'incertitude, dite épistémique, peut être réduit par l'amélioration des connaissances.
C'est le cas par exemple de l'incertitude de modèle. Dans notre cas, il existe une incertitude sur la
modélisation et les valeur d'amortissement choisis ainsi que sur la valeur de la raideur de contact.

R.1.3 Analyse de sensibilité préliminaire

Seulement trois des paramètres physiques identi�és en tant que source de variabilité peuvent être
simulés actuellement, la géométrie de la caténaire, l'usure du �l de contact et l'effort aérodynamique
appliqué sur le pantographe.

Ces trois sources de variabilité ont donc été modélisées à partir de mesures. Pour chacune d'elles,
un signal a été généré aléatoirement à partir du spectre d'amplitude mesuré et d'une phase aléatoire par
transformée de Fourier inverse.

Mille simulations ont été réalisées pour chaque source indépendamment. Les efforts temporels ne
pouvant être directement comparés, trois critères ont été conservés et l'écart type de ces critères sur
l'ensemble des simulations est comparé

• � (� (Fc) i ) l'écart type de l'ensemble des moyennes d'effort de contact

• � (� (Fc) i ) l'écart type de l'ensemble des écarts types d'efforts de contact

• � ( � (Fc ) i
� (Fc ) i

) l'écart type des coef�cients de variation des efforts de contact.

Le tableau R.1 montre que ce sont la géométrie et l'aérodynamique qui in�uent le plus sur� ( � (Fc ) i
� (Fc ) i

),
donc sur le captage. Ces sources de variabilité in�uent de façon différente. La force aérodynamique
joue en particulier sur l'effort moyen et introduit peu de variations autour de cet effort moyen alors que
l'inverse est observé pour la géométrie.

Table R.1: Écart type de trois moments statistiques de l'effort de contact
h h h h h h h h h h h h h h h hhSources d'incertitude

Critères
� (� (Fc) i ) � (� (Fc) i ) � ( � (Fc ) i

� (Fc ) i
)

Géométrique 0.18 1.2 0.0087
Aérodynamique 3.5 0.21 0.0068
Usure 0.02 0.24 0.0019

Le manque de mesures concernant la force aérodynamique appliquée sur le pantographe rend son
étude dif�cile. La seule source de variabilité détaillée par la suite sera donc la géométrie de la caténaire.

R.2 Propriétés dynamiques du pantographe et de la caténaire

L'effort de contact dynamique est composé de plusieurs phénomènes qui peuvent être étudiés sé-
parément. La section R.2.1 étudie l'impacte de la géométrie statique de la caténaire sur l'effort de
contact. La section R.2.2 détaille un modèle analytique de propagation des ondes et de leur ré�ex-
ion, transmission lors du passage de différents points de la caténaire. En�n, la section R.2.3 présente
l'impact de ces ondes et de leurs coïncidences sur un effort de contact.
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Résumé en français

R.2.1 Réponse dynamique du pantographe à la géométrie statique de la caténaire

La géométrie de la caténaire correspond à la hauteur du �l de contact le long de la caténaire. La
�gure R.6 (droite) montre cette géométrie le long d'une portée. On observe bien l'effet chainette qui se
forme entre les pendules indiqués en trait discontinu. A gauche, le modèle du pantographe est représenté
avec le �l de contact. Les entrées du modèle sont la vitesse du �l de contactVCW et l'effort statique
F0. Les ondesVr , Vt+ ;panto etVt � ;panto ne sont pas considérées ici puisqu'on cherche à calculer l'effort
Fgeom dû uniquement à la géométrie.

contact

m3

m2

m1

kc

d3 k3

d2 k2

d1 k1

Vt � ;panto Vt+ ;panto

Vr

F0

F1

F2

F3

Fgeom

VCW
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Figure R.6: Modèle du pantographe avec le �l de contact (gauche), hauteur du �l de contact le long
d'une portée (droite)

Le problème est linéaire et peut être calculé dans le domaine de Fourier,

Fgeom(! ) = vpanto Zpanto VCW (k) + Fm (R.3)

où vpanto est la vitesse du pantographe,Zpanto est l'impédance dynamique du pantographe en prenant
en compte la raideur de contact, etVCW (k) est la transformée de Fourier de la dérivée spatiale de la
hauteur du �l de contact le long de la caténaire. L'effort moyenFm n'in�ue que sur la fréquence! = 0 .

La �gure R.7 montre la carte correspondant au spectre d'amplitude deFgeom en fonction d'une
vitesse normalisée par la vitesse de propagation des ondes dans les câbles (voir section 2.2). Cette carte
est comparée à celle de l'effort de contact dynamiqueFc. Le puis observé le long de la courbe discon-
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tinue correspond à un puis deZpanto à la fréquence de4Hz qui varie dans le domaine de fréquence
spatiale. Les lignes verticales sont donc dues à la géométrie de la caténaire qui est périodique. Une
fréquence spatiale fondamentale peut être identi�ée, correspondant à la plus grande sous-structure
répétée, la portée,

kspan =
1

dspan
(R.4)

oùdspan est la longueur d'une portée.

Figure R.7:Fgeom (gauche) etFc (droite)
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Figure R.8: Force de contact due la géométrie (bleu) et simulée (rouge) pour deux vitesses du pan-
tographe,90km=h (gauche) and320km=h (droite)

La transformée de Fourier inverse deFgeom(! ) peut être calculée et comparée aux simulations. La
�gure R.8 montre ces efforts �ltrés à20Hz pour deux vitesses,90km=h et 320km=h. À haute vitesse,
les signaux sont très proches et la plus grande partie de la réponse dynamique du pantographe est donc
due à la géométrie de la caténaire. Cette conclusion n'est vraie que pour un signal �ltré à20Hz. Si les
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signaux �ltrés à70Hz, cette ressemblance est beaucoup moins claire.

R.2.2 Propagation d'ondes, réfections et transmissions

L'objectif de cette section est de modéliser analytiquement les ré�exions et transmissions des ondes
arrivant sur différents obstacles de la caténaire. Le premier cas étudié est la ré�exionzr et la transmis-
sionzt sur une massem d'une onde incidentezi se propageant dans un �l comme détaillé sur la �gure
R.9. L'hypothèse de corde a été prise, la dispersion fréquentielle qui apparait à haute fréquence n'est
donc pas prise en compte.

m

~z

~x

� 2

� 1 dx

dx dz2

dz1

~T1

~T2

zi (x; t )

zr (x; t )

zt(x; t )

Figure R.9: Fil de longueur2dx avec une massem enx = 0

Puisque le problème est linéaire, chacune des ondesz peut être décrite sous la forme d'une double
transformée de Fourier dans le temps et l'espace,� . La solution du problème est

�
� r

� t

�
=

2

6
6
4

� i!m
p

�T + i!mp
�T

p
�T + i!m

3

7
7
5

�
� i

	
=

�
Rmass (! )
Tmass (! )

�
�

� i
	

(R.5)

oùT est la tension dans le �l et� la masse linéique du �l.

La �gure R.10 (gauche) montre les variations de ces coef�cientsRmass et Tmass en fonction de la
fréquence. À fréquence nulle, l'onde est donc entièrement transmise.

La �gure de droite compare le modèle analytique avec la simulation et une mesure effectuée avec
une masse suspendue sur un câble. La différence avec la mesure est principalement due à la raideur
introduite par le �l qui relie la masse au câble.

Le deuxième cas est celui de la ré�exion sur un pendule comme indiqué sur la �gure R.11. L'onde
incidente arrive dans le �l de contact (CW) et est transmise dans le câble porteur (MW) dans les deux
directions, ré�échie et transmise dans le �l de contact.
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Figure R.10: Coef�cients de transmission (rouge) et ré�exion (bleu) pour des masses de200g (train
plein) et1kg (trait discontinue) (gauche), comparaison de la vitesse de l'onde ré�échie calculée par le
modèle analytique avec le modèle éléments �nis (EF) et la mesure (droite)

mMW

mCW

� t � ;MW � t+ ;MW

� i

� r

� t+ ;CW

d k

� Fdrop

Fdrop

Figure R.11: Modèle de pendule avec une onde incidente� i dans le �l de contact, générant trois ondes
transmises, une onde ré�échie et un effort dans le penduleFdrop

De la même façon, des coef�cients de ré�exion et transmission peuvent être calculés en fonction de
la fréquence, 8

>>>><

>>>>:

� r (! )
� t+ ;CW (! )
� t � ;MW (! )
� t+ ;MW (! )

Fdrop
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>>>>=

>>>>;
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Rdrop;CW

Tdrop;CW toCW

Tdrop;CW toMW

Tdrop;CW toMW

Zdrop

3

7
7
7
7
5

�
� i (! )

	
(R.6)

La �gure R.12 montre ces coef�cients en fonction de la fréquence. L'amplitude à0Hz est non
nulle, ce qui signi�e qu'après le passage de l'onde, la vitesse dans le �l change de niveau.
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Figure R.12: Coef�cients de ré�exion et transmission pour une onde incidente dans le �l de contact

Lors d'un lâcher de masse sous un pendule, l'onde propagée dans le porteur puis ré�échie sur
le pendule suivant est compensée par l'onde générée dans le �l de contact et transmise au porteur et
inversement. Finalement, le niveau de vitesse avant et après le passage de ces ondes reste inchangé
comme observé sur la �gure R.13 où le modèle analytique de la somme des ondes est comparé à la
somme des ondes calculés par simulation sans pendule à l'endroit du lâcher (FEM A) et à la simulation
du cas entier avec pendule (FEM B).
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Figure R.13: Comparaison de la somme des ondes transmises et ré�échies simulées avec FEM A
(bleu), simulé avec FEM B (jaune) et calculé analytiquement (rouge)

Le dernier cas est celui du comportement des ondes autour d'un support. La ré�exion d'une onde
sur le bras de rappel est négligeable et équivalente à celle sur une faible masse alors que la ré�exion dans
le câble porteur sur le support est complète. Il n'y a donc pas compensation des ondes propagées, ce
qui entraine donc une variation du niveau de vitesse. La �gure R.14 montre ces changements de niveau
après que l'onde propagée dans le câble porteur et ré�échie sur le poteau a rejoint le point1, puis que
cette même ré�exion soit ré�échie encore deux fois et revient au point1. Le dernier échelon est due à
la ré�exion sur le premier pendule de la portée suivante de l'onde propagée dans le �l de contact.
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Figure R.14: Con�guration de la simulation (gauche), comparaison de la simulation avec le modèle
analytique (droite)

R.2.3 Temps et fréquences caractéristiques

Maintenant que les deux principaux phénomènes ont été identi�és, les cartes af�chées en section
R.1.2 peuvent être expliquées. Tout d'abord, sur la carte des spectres d'amplitude de la vitesse de
soulèvement d'un point de la caténaire montrée �gure R.15, les bandes verticales correspondent aux
modes de la caténaire. Ces modes sont intimement liés aux vitesses de propagation des ondes dans les
câbles et il a été montré que cette dépendance est principalement liée à la somme de ces vitesses. Dans
la suite, la vitesse relative est donc dé�nie par

� =
2vpanto

cCW + cMW
(R.7)

oùcCW et cMW sont respectivement les vitesses des ondes dans le �l de contact et le câble porteur.

Figure R.15: Amplitude du spectre temporel de la vitesse verticale du �l de contact en fonction de�
avec les modes de caténaire indiqués en lignes verticales noires

D'autres lignes apparaissent moins nettement. Ce sont les ondes générées par l'effort du pan-

13



Résumé en français

tographe due à la géométrie. Cet effort étant périodique dont la fréquence fondamentale est celle du
passage des poteaux,kspan , les ondes générées vers l'avantkwave;cat;+ et l'arrièrekwave;cat; � sont aussi
un signal périodique qui se décompose en fréquences spatiales,

kwave;cat; � =
n

1 � �
kspan 8n 2 N� (R.8)

où� est le rapport de la vitesse du pantographe avec la vitesse de propagation des ondes dans les câbles.
La �gure R.16 montre le réseau de courbes déduites de ces deux fréquences. Aucune autre courbe

n'apparait clairement sur ces cartes, l'ensemble des phénomènes a donc bien été pris en compte.

Figure R.16: Amplitude du spectre spatial de la vitesse du �l de contact en fonction de� avec les
courbes noires représentantkwave;cat; + (gauche) etkwave;cat; � (droite)

Dans le repère mobile du pantographe, le même type de fréquence peut être calculé,

kwave;panto; � =
1 � �

�
n
2

kspan 8n 2 N� (R.9)

Les courbes déduites de ces fréquences af�chées �gure R.17 s'ajoutent donc aux lignes verticales
déjà identi�ées dans la section R.2.1.

Figure R.17: Amplitude du spectre spatial de l'effort de contactFc en fonction de� avec les courbes
noires représentantkwave;panto; + (gauche) etkwave;panto; � (droite)

La coïncidence des ondes avec le passage du pantographe est particulièrement visible sur la phase
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de la première harmoniquekspan du spectre spatial de l'effort de contact af�chée sur la �gure R.18. Pour
des� < 0:33, l'ensemble des ondes propagées vers l'arrière ont le temps de rattraper le pantographe
avant qu'il ne change de portée. Ensuite, la vitesse� = 0 :4 correspond au cas où la fréquence de passage
des portéesf span = vpanto kspan est égale à la fréquence du premier groupe de modes de la caténaire,
aux environs de1Hz. Les autres variations sont moins importantes mais représentent toujours une
coïncidence des deux phénomènes identi�és.
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Figure R.18: Phase de la fréquence fondamentalekspan du spectre spatial de l'effort de contact en fonction de�

Le cas le plus critique de la coïncidence entre les modes de la caténaire et la vitesse du pantographe
est lorsqu'il y a deux pantographes. Dans ce cas, la distance entre les deux pantographesdpanto in�ue
très fortement sur le captage comme le montre la �gure R.19 où les périodes dé�nies par les modes de
caténaire sont indiquées par les lignes discontinues.

Figure R.19:�=F m du pantographe suiveur en fonction de� et dedpanto
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R.3 Étude de l'incertitude épistémique

L'incertitude épistémique correspond à celle qui est réductible et n'est due qu'à une méconnaissance
du système. Elle peut donc être réduite si l'on dispose de mesures ou de connaissances complémentaires.
La section R.3.1 concerne la valeur à donner à la raideur de contact. Ensuite, la section R.3.2 traite de
l'amortissement dans les différentes parties de la caténaire. En�n, la section R.3.3 détaille la taille limite
des éléments.

R.3.1 Raideur de contact

Le contact entre deux surfaces engendre des contraintes qui sont liées à l'interpénétration des deux
matériaux. La théorie de contact de Hertz établit une valeur de cette raideur de contact pour une surface
de contact donnée de12mm2 à kc;max = 6MN=m . Cette valeur n'est physiquement jamais atteinte
en raison des irrégularités de surface et une borne inférieure est généralement dé�nie au tiers de cette
valeur [5],kc = 2MN=m .

Or, la valeur donnée actuellement dans le modèle dynamique pantographe-caténaire est de50kN ou
300kN . La �gure R.20 montre que ces valeurs ont un impact direct sur la bande de fréquence conservée.
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Figure R.20: Impact de la raideur de contact surZpanto (gauche) et surFc (droite)

Une étude paramétrique sur la raideur de contactkc a donc été menée �gure R.21 pour identi�er la
valeur à partir de laquelle cette raideur n'in�ue plus sur la dynamique. Le critère choisi pour évaluer la
dynamique est�=F m . Ce critère est stable pour des valeurs dekc supérieures à1MN=m . On observe
cependant une rapide divergence du calcul si la raideur de contact choisie est supérieure à5MN=m . La
valeurkc = 2MN=m est donc cohérente puisqu'elle est incluse dans l'intervalle dé�ni par la théorie
de contact de Hertz. Elle permet de plus de s'assurer qu'elle n'impactera pas l'effort dynamique dans
l'intervalle [0 � 70Hz].
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Figure R.21: Proportion de perte de contact de l'effort non �ltré (gauche) et coef�cient de variation
�=F m de l'effort de contact �ltré à70Hz (droite) en fonction dekc

R.3.2 Caractérisation de l'amortissement

L'amortissement dans la caténaire a jusqu'alors été dé�ni pour que les simulations d'efforts de
contact soient les plus proches possibles des mesures. Les coef�cients d'amortissement étaient donc
des variables de réglage. Pour résoudre le problème, des essais de lâcher ont été effectués sur une
caténaire à taille réelle et quatre accéléromètres tri-axiaux ont été installés sous les pendules sur le �l de
contact ou le câble porteur.

À partir de ces mesures, la fonction de réponse fréquentielle (FRF) a été calculée comme le montre
la �gure R.22. Des groupes de modes apparaissent clairement, ils correspondent aux modes de portée.
L'identi�cation de chaque mode peut ensuite être effectuée.
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Figure R.22: Identi�cation des modes complexes

La �gure R.23 (gauche) af�che les résultats des amortissements identi�és sous forme de boites
à moustaches. Ces amortissement sont très faibles et correspondent à la valeur d'amortissement des
matériaux. Trois modèles d'amortissement sont comparés par la suite, le modèle de Rayleigh utilisé dans
le Benchmark [4] (bleu), le modèle de Rayleigh par morceaux utilisé dans OSCAR en actualisant les
valeurs d'amortissement dans les câbles pour correspondre aux mesures, et ce même modèle de Rayleigh
complété par un amortissement modal pour remplacer l'amortissement des deux premiers groupes de
modes [6]. L'amortissement dans les pendules et les bras de rappel est nulle dans les deux derniers
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modèles. La différence entre ceux-ci et le premier apparait clairement aux fréquences supérieures à
10Hz.
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Figure R.23: Comparaison des taux d'amortissement identi�és (boites à moustache), Rayleigh Bench-
mark (bleu), Rayleigh par morceaux actualisé (rouge) et Rayleigh par morceaux actualisé + Modal
(jaune) pour des plages basse (gauche) et moyenne (droite) fréquences

Un amortissement nul dans les pendules entraine une instabilité autour de la fréquence naturelle de
vibration du système masse-ressort composé du pendule et des griffes qui permettent de l'accrocher aux
câble. Un faible amortissement proportionnel à la raideur est donc introduit pour éviter cette instabilité.

L'introduction d'amortissement dans le bras de rappel entraine un sur-amortissement de certains
modes et un sous amortissement des autres. Le bras de rappel ne semble donc pas dissiper d'énergie à
travers ses liaisons pivots. L'amortissement lié à celui-ci est donc laissé nul.

La �gure R.24 compare les différents modèles d'amortissement à la mesure lors d'un lâcher de
masse. Pour des temps courts (gauche), le contenu haute fréquence est beaucoup plus visible sur les
modèles actualisés qui n'ont aucune différence. Pour les temps longs (droite), on observe encore que
ces modèles actualisés représentent bien mieux l'amplitude observée sur la mesure. L'amortissement
modal engendrant une importante augmentation du temps de calcul et n'ayant que très peu d'impact sur
la dynamique, ce sera le modèle d'amortissement de Rayleigh par morceaux qui sera conservé.

Du point de vue des simulations dynamiques, le tableau R.3.2 résume l'impact du nouveau mod-
èle d'amortissement sur différents critères issus de l'effort de contact. On observe que cet impact est
particulièrement important pour les moyennes fréquences, entre20Hz et70Hz.

Table R.2: Critères usuels sur l'effort de contact

modèle
d'amortissement

Pantographe
�=F m

20Hz
�=F m

70Hz
RMS*

]0 � 5] Hz
RMS

[5 � 20]Hz
RMS

[20� 70]Hz
Initial avant 0.27 0.35 33.1 34.4 37.8
Actualisé avant 0.25 0.36 32.9 28.1 45.6
Initial arrière 0.36 0.42 48.7 39.6 37.3
Actualisé arrière 0.38 0.50 48.4 44.5 54.8

*racine carrée de la moyenne
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Figure R.24: Vertical velocity of the contact wire where the mass is dropped for initial waves and
residual vibration.

R.3.3 Taille des éléments et �exibilité

La �exibilité est une valeur importante de la caténaire. Elle est considérée comme un paramètre
de conception dans la norme Européenne EN50119 [7]. Pour une force vertical appliquée sur le �l de
contact, la �exibilité correspond au ratio du soulèvement par la force appliquée. Dans les simulations,
le calcul de l'effort de contact entre les nœuds nécessite l'interpolation de la �exibilité entre les nœuds.
La �gure R.25 montre cette interpolation avec les nœuds indiqués par les traits discontinus verticaux et
les pendules par des traits pleins. Cette interpolation induit une ondulation de la taille des éléments.
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Figure R.25: Interpolation de la �exibilité entre les nœuds

La �gure R.26 montre un effort de contact �ltré à70Hz calculé pour une vitessevpanto = 320km=h
pour des éléments du �l de contact de taille0:5m et 1:5m. L'amplitude du spectre de l'effort de con-
tact autour de60Hz est signi�cativement plus haut pour les éléments de taille1:5m. Cette fréquence
correspond exactement à la fréquence de passage des éléments lorsque ceux-ci ont une longueur de
1:5m. La taille des éléments doit donc être inférieure au mètre si la bande de fréquence considérée est
de [0 � 70]Hz pour des simulations à vitesse nominale. Cette taille doit être réduite si la vitesse du
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pantographe diminue.
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Figure R.26: Effort de contact �ltré à70Hz (gauche) et amplitude de son spectre (right) pour des
éléments de �l de contact de taille1:5m (bleu) et0:5m (rouge) et une vitessevpanto = 320km=h

R.4 Dé�nition statistique de l'incertitude aléatoire liée aux paramètres
physiques

Les paramètres aléatoires correspondent aux sources d'incertitudes qui ne peuvent être réduites
puisqu'elles sont intrinsèquement variables. La section R.1.3 a montré que les paramètres liés à la
géométrie étaient la plus grande source de variabilité. Cette partie détaille donc la dé�nition statistique
de ces paramètres de géométrie. Tout d'abord, une analyse de sensibilité préliminaire est effectuée en
section R.4.1 pour dé�nir les paramètres à conserver pour le problème statistique inverse développé
dans la section R.4.3. En�n, le modèle statistique de l'ensemble d'un canton est exposé dans la section
R.4.4.

R.4.1 Analyse de sensibilité locale

La portée est la structure standard la plus large de la caténaire. La �gure R.27 illustre les différents
paramètres qui peuvent in�uencer la géométrie statique de la caténaire, i.e. lorsque uniquement les
tensions mécaniques dans les câbles et la gravité sont appliqués. Ces paramètres sont

• HCW;gauche et HCW;droit , les hauteurs du �l de contact respectivement à gauche et à droite au
niveau du bras de rappel,

• � Hgauche et � Hdroite les distances entre le �l de contact et le câble porteur au niveau du support,

• L drop;i la longueur dui �eme pendule de la portée,

• TCW etTMW , respectivement la tension dans le �l de contact (CW) et dans le câble porteur (MW)

La hauteurHdrop;i du �l de contact sous lei �eme pendule est une variable de sortie résultant du calcul
statique.
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Figure R.27: Paramètres dé�nissant la géométrie statique de la caténaire sur une portée

L'analyse de sensibilité préliminaire consiste en une variation de� 20%de chacun de ces paramètres
indépendamment puis en l'observation de la �èche du �l de contact qui en résulte. Il est apparu que la
tension dans le �ls de contact,TCW et les hauteurs du �ls de contact au poteauHCW;gauche etHCW;droit

n'avaient que peu d'impact. Les paramètres� Hgauche et � Hdroite sont des paramètres �ctifs qui
permettent de représenter les portées suivantes et précédentes. La variation de ce paramètre ne sera
pas contrôlée lors qu'un canton complet sera généré aléatoirement. Les trois groupes de paramètres
conservés sont donc� Hgauche;droite , les longueurs de pendulesL drop;i et la tension dans le câble porteur
TMW

R.4.2 Mesures de géométrie de la caténaire

Deux types de mesures de la géométrie de la caténaire sont disponibles, les mesures quasi-statiques
et les mesures optiques.

Les mesures quasi-statiques sont effectuées à l'aide d'un pantographe qui mesure la hauteur de
l'archet, donc du �l de contact, en appliquant un effort faible de36N . Le véhicule circule à une vitesse
de40km=h. Ces conditions de mesure génèrent une modi�cation de la hauteur réellement mesurée qui
s'apparente plus à un soulèvement mesuré qu'à une hauteur statique. Un schéma de correction itératif
suivant les étapes de la �gure R.28 a donc été mis en place après avoir créé le modèle de chaque canton
mesuré.

Ces mesures une fois corrigées, les portées sont classées par type (i.e. par longueur) et la �èche est
calculée le long de chaque portée. La table R.3 indique la quantité de mesures disponibles pour chaque
longueur de portées. La �gure R.29 montre l'ensemble des mesures disponibles pour la portée de type
N 2 de58:5m de long.

Table R.3: Nombre de mesures quasi-statiques par portée

Longueur de portée49.5 54 58.5
Nombre de portées 87 113 117
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Canton de caté-
naire de référence

Flèche statique
à l'iteration n

Simulation dynamique
à 36N et 40km=h

Soulèvement au niveau
du pantographe

(simulation de la measure)

�Soulèvement réel
des mesures brutes Écart �

Hdrop;n +1 = Hdrop;n + �

Statique inverse

Stop

-
+ p P

� 2 > 1mm
p P

� 2 < 1mm

Figure R.28: Schéma itératif de correction de la mesure
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Figure R.29: Flèche mesurée sous chaque pendule d'une portée de typeN 2 de58m

Les mesures optiques ont une meilleure résolution et aucune correction n'est nécessaire. La �èche
peut donc être directement extraite et la table R.4 résume les mesures disponibles. Malgré qu'elles soient
d'une bien meilleur qualité, les mesures optiques ne sont actuellement qu'au stade de développement
et ne seront donc pas déployées à court terme dans la politique de maintenance. L'identi�cation des
distributions statistiques des paramètres s'effectuera donc avec les mesure quasi-statiques et les mesures
optiques serviront à véri�er les résultats d'identi�cation.
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Table R.4: Nombre de mesures optiques par portée

Longueur de portée40.5 45 49.5 54 58.5
Nombre de portées392 567 205 32 14

R.4.3 Dé�nition statistique des paramètres de géométrie

L'objectif de cette partie est d'identi�er les distributions statistiques (p.d.f. ) les plus probables des
paramètres d'entrée choisis dans la section R.4.1 pour représenter les mesures extraites dans la section
R.4.2. Le problème est mal posé puisqu'il y a plus de variables d'entrée que de points d'observation de
sortie. Le problème statistique inverse peut être représenté par le schéma R.30 avec

f exp l'ensemble des paramètres variables qui dé�nissent l'état mécanique réel du système

w exp;obs les observations des sorties mesurées sur le système mécanique réel

uexp;nobs les variables du système mécanique réel qui ne sont pas observées

f les autres paramètres, non variables qui sont nécessaires pour dé�nir le modèle mécanique complet

X les paramètres variables pris en compte dans l'étude, ils sont supposés aléatoire et l'objectif est de
dé�nir leur p.d.f.

W obs les sorties du modèle observées

U nobs les sorties du modèle qui ne sont pas observées

Système mécanique réelf exp
w obs;exp

unobs;exp

a) Réalité

Modèle nominalf
W obs

U nobs

X

b) Modèle

Figure R.30: Représentation du système étudié

Le problème revient donc à dé�nir statistiquementX à l'aide des� exp observationsw exp;obs
1 , ...,

w exp;obs
� exp . La structure globale de résolution est développée par Soize [8] et résumée par le schéma de la

�gure R.31.
La portée choisie est de typeN 2, de longueur58:5m et est composée de9 pendules. La variable

aléatoire� H représentant l'encombrement au poteau est supposée la même à gauche et à droite de
la portée. Le vecteurX est donc de dimension11 pour les9 L drop;i , � H et TMW . Le principe du
maximum d'entropie [9] permet de choisir une distribution paramétrique deX , des lois Gamma in-
dépendantes pour chacune des composantes du vecteur. Chacune des ces lois Gamma est paramétrée
par sa moyenne et son écart type, ce qui dé�nis un vecteurs de22hyper-paramètres. Le tirage aléatoire
de tailleN = 1000 deX suit la méthode du carré latin pour accélérer la convergence par rapport à un
tirage de Monte-Carlo classique. La simulation de la �èche statique desN tirages est ensuite effectuée
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Figure R.31: Méthodologie générale pour la résolution d'un problème statistique inverse

par OSCAR, ce qui permet d'obtenir l'échantillon(W obs
i )1� i � N . Cet échantillon est ensuite utilisé

pour estimerW obs qu'on suppose être de la forme d'un vecteur aléatoire gaussien multivarié. Une fois
ce vecteur aléatoire dé�ni, on calcule la vraisemblance que les mesures(w obs;exp

i )1� i � � exp soient tirées
du vecteur aléatoireW obs à l'aide de la fonction de vraisemblance [10]

J (s) = ln (pprior
W obs (W obs;exp

1 ; s) + ::: + ln (pprior
W obs (W obs;exp

� exp
; s): (R.10)

Le problème d'optimisation de cette fonction est résolu par la méthode des simplexes.

L'ensemble du problème a été résolu sous python à l'aide du module OpenTurns [11]. Les résultats
obtenus après trois jours de calculs et 3330 évaluations deJ (s) sont indiqués dans le tableau R.5 et
semblent cohérentes. La comparaison des mesures avec l'intervalle de con�ance sur la �gure R.32 à
98% montre que le modèle statistique correspond bien aux mesures. Les lois Gamma obtenues sont
�nalement très proches de lois Gaussienne puisqu'elles véri�ent le test de normalité de Kolmogorov-
Smirnov. Pour simpli�er le problème, les lois Gamma seront replacées par des lois Gaussiennes de
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Figure R.32: Flèche mesuréeW exp;obs et
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H H H H HHX
s

� [SI ] � [SI ]

TMW 20575 818
� H 1.388 0.0065

L drop;1 1.244 0.0067
L drop;2 1.098 0.0050
L drop;3 0.998 0.0045
L drop;4 0.945 0.0045
L drop;5 0.934 0.0038
L drop;6 0.945 0.0044
L drop;7 0.998 0.0035
L drop;8 1.098 0.0034
L drop;9 1.244 0.0070

Table R.5: Hyper-paramètres optimauxsopt

R.4.4 Modèle statistique de l'ensemble d'un canton de caténaire

Dans un canton complet, du point de vue de la dynamique, le paramètre� H est relâché et deux
nouveaux paramètres apparaissent. Tout d'abord, la tension dans le �l de contactTCW qui a une in�u-
ence bien connue sur la dynamique, est dé�nie par une distribution Gaussienne de moyenne égale à la
valeur nominale et d'écart type égal à celui de la tension dans le câble porteurTMW .

Ensuite, la hauteur du câble porteur est prise en compte à l'aide d'un vecteur aléatoire gaussien
multivarié dont la matrice de covariance est dé�nie par

CX =

2

6
6
6
6
6
6
6
4

a b c 0 � � �

b a b c
...

c b
... ... ...

0 c
... ... ...

...
... ... ... ...

3

7
7
7
7
7
7
7
5

(R.11)

où les coef�cientsa, bet c ont été dé�nis à l'aide des mesures.
La �gure R.33 montre l'intervalle de con�ance à99%dé�nie pour ce vecteur aléatoire comparé aux

mesures. Le vecteur aléatoire représente les mesures de façon cohérente. Finalement, la caractérisation
statistique de l'ensemble des paramètres aléatoires liés à la caténaire est résumée dans la table R.6

Table R.6: Distribution des paramètres d'entrée

Paramètre TMW TCW L drop H MW;Mast

Distribution GaussienneGaussienneGaussienneGaussienne multivariée
� 1000N 1000N 7mm matriceCX (4.12)
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Figure R.33: Intervalle de con�ance à99%(jaune) et mesures (bleu) pour trois variations de hauteur
consécutive par rapport à la hauteur nominale du câble porteur au support

R.5 Analyse de sensibilité sur les sorties

Toutes les sources de variabilité de l'effort de contact liées à la caténaire ont été caractérisées par
des distributions statistiques dans la section R.4. L'étape suivante est de propager cette incertitude dans
le modèle dynamique et d'observer l'impact de la variabilité de ces paramètres d'entré sur des critères
liés à la géométrie de la caténaire et à l'interaction dynamique pantographe-caténaire. La section R.5.2
développe les critères utilisés. La section R.5.2 détaille ensuite la méthode d'analyse de sensibilité de
Sobol pour classer les sources d'incertitude, ainsi que les résultats obtenus et étudie la corrélation qui
peut exister entre les critères géométriques et dynamique. En�n, la section R.5.3 examine la dépendance
des critères dynamiques aux paramètres d'entrée.

R.5.1 Dé�nition des critères de sortie

Deux types de critères sont dé�nis, les géométriques et dynamiques. Les critères géométriques sont
toutes les valeurs scalaires qui peuvent être déduites de la mesure de la hauteur du �l de contact le long de
la caténaire. Cette hauteur est en effet ce qui est mesuré lors des tournées de maintenance. Actuellement,
seulement deux critères géométriques sont contrôlés, la hauteur du �l de contact au poteauHCW;mast et
la différence de hauteur du �l de contact à deux poteaux consécutifs� HCW;Span [3]. Quelques autres
critères ont été ajoutés arbitrairement pour tenter de représenter des phénomènes plus locaux ou re�étant
potentiellement mieux la qualité de captage.

Le seul critère sur la qualité de captage lié à une grandeur mécanique et indiqué dans les normes [2]
est le coef�cient de variation�=F m calculé sur l'effort de contact �ltré à20Hz. Ce coef�cient doit
rester inférieur à0:3 pour qu'un bon captage soit assuré. Mais ce critère est fondé sur le fait que le
signal �ltré à 20Hz suit une distribution gaussienne de même écart type que l'effort réel. Or, il a été
montré que l'écart type est plus important pour une fréquence de �ltrage plus élevée. Par ailleurs, ce
coef�cient de variation calculé sur une fenêtre glissante de50m, Moving (�=F m ) nous montre qu'il est
fortement variable le long du canton et que ce critère plus local peut permettre de détecter des zones à
risque.
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Un autre critère développé est un équivalent à celui lié à l'électricité indiqué dans les normes,NQ.
Des mesures simultanées d'effort de contact et d'arcs électriques ont permis de montrer qu'en supposant
que les arcs se formaient pour un effort de contact �ltré à70Hz inférieur à45N , on pouvait dé�nir un
critère mécanique équivalent au critèreNQ. Dans le cas des simulations réalisées pour l'analyse de
sensibilité, le captage étant très bon, ce seuil a été relevé à80N pour observer des résultats exploitables.

L'ensemble des critères dynamiques est calculé pour des fréquences de �ltrage de20Hz, correspon-
dant aux capacités actuelles de mesure, et de70Hz correspondant aux limites actuelles du modèle en
raison de l'in�uence de la raideur de contact à plus haute fréquence.

R.5.2 Analyse de sensibilité de Sobol

Des analyses de sensibilité locales ont été réalisées en section R.1.3 et R.4.1 pour éliminer rapi-
dement certaines variables de l'étude. Les paramètres restant étant statistiquement déterminés dans la
section R.4 et les critères de sorties dé�nis dans la section R.5.1, une analyse de sensibilité globale peut
être menée. L'intérêt principal de ce type d'analyse est de prendre en compte les variations liées à des
combinaisons de paramètres d'entrée en faisant varier ceux-ci simultanément sur l'ensemble de leur
domaine.

L'analyse de Sobol est basée sur une décomposition de la variance sous forme de variance condi-
tionnelle. Le modèle est considéré comme une boite noire représentée par une fonctionY(X ) oùX est
le vecteur aléatoire d'entrée,X = ( TMW ; TCW ; L drop ; H MW;Mast ) et Y une sortie de dimension1.
Les indices de Sobol du premier ordreS1;i et totauxST;i sont dé�nis pour chaque critère séparément
par [12, 13]

S1;i =
V arX i (EX; � i (Y jX i ))

V ar(Y )
;

ST;i =
EX i (V arX; � i (Y jX i ))

V ar(Y )
;

(R.12)

(R.13)

oùV ar est la variance,E l'espérance etX � i l'ensemble des variables d'entrée exceptéX i .

Le calcul de ces indices n'est pas possible analytiquement. Il existe cependant des estimateurs pour
les approximer. Pour cela, il est nécessaire de réaliser deux tiragesA et B du vecteur aléatoireX de
taille N = 1000 à partir desquels sont dé�nis six ensembles

8
>>>>>>>>><

>>>>>>>>>:

A = [ TCW (A); TMW (A); H MW;Mast (A); L drop (A)]

B = [ TCW (B ); TMW (B ); H MW;Mast (B ); L drop (B )]

A1
B = [ TCW (B ); TMW (A); H MW;Mast (A); L drop (A)]

A2
B = [ TCW (A); TMW (B ); H MW;Mast (A); L drop (A)]

A3
B = [ TCW (A); TMW (A); H MW;Mast (B ); L drop (A)]

A4
B = [ TCW (A); TMW (A); H MW;Mast (A); L drop (B )]

(R.14)
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À partir de ces ensembles, plusieurs estimateurs ont été comparés et ceux retenus sont
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(R.16)

L'ensemble des résultats est détaillé sous forme de diagrammes circulaires en annexe E. La hauteur
du câble porteur est le paramètre le plus in�uent sur les critères de géométrie actuels. La �gure R.34
montre que ce paramètre est à l'inverse le moins in�uent sur les critères dynamiques qui sont princi-
palement dépendants des tensions dans les câblesTCW et TMW et pour les critères plus locaux, des
longueurs de pendulesL drop

Figure R.34: Indices de Sobol d'ordre total des quatre paramètres sur les critères dynamiques
(�=F m )70Hz (gauche),NQ70Hz (centre) etmax(�=F m )mov; 70Hz (droite)

Certains critères géométriques ajoutés tels que ceux observés sur la �gure R.35 sont dépendants
chacun d'un paramètre en particulier. Ces critères sont donc potentiellement intéressants pour tenter
de caractériser la qualité de l'interaction dynamique à partir de la mesure de la géométrie de la caté-
naire. Pour ce faire, il est nécessaire qu'une relation monotone existe entre une combinaison de critères
géométriques et les critères dynamiques. Les coef�cients de corrélation de Spearman ont donc été cal-
culés pour les combinaisons linéaires des deux critères géométriques les plus corrélés. La �gure R.36
montre la meilleure corrélation obtenue. Celle-ci est largement insuf�sante pour être exploitée. Aucun
des critères géométriques dé�nis n'est donc adapté pour caractériser la qualité de captage dynamique.
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Figure R.35: Indices de Sobol d'ordre total des quatre paramètres sur les critères géométriques
� (� 2HCW;Drop;Drop ) (gauche),max(� 2HCW;Drop;Mast ) (centre) etSagmax (droite)
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Figure R.36: Variation deNQ70Hz en fonction de la combinaison linéaire des critères de géométries
la plus corrélée selon Spearman

R.5.3 Dépendance des critères dynamiques aux paramètres d'entrée

Les critères dynamiques sont principalement dépendants des tensions dans les câbles et des longueurs
de pendules. La �gure R.37 montre les variations de(�=F m )70Hz en fonction de chacune des tensions.
Aucune corrélation ne semble exister.

La �gure R.38 montre qu'une forte corrélation apparait entre(�=F m )70Hz et la somme des tensions
TCW + TMW . Cette corrélation n'est pas monotone et ne peut donc pas être détectée par le coef�cient
de Spearman. Lorsque les paramètresHMW;mast et L drop sont �xés, cette corrélation est très régulière
comme le montre la �gure de droite. L'origine de cette corrélation vient de la dépendance des modes de
la caténaire à la somme des vitesses dans les câbles comme indiqué dans l'équation (R.7).
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Figure R.37: Évolution de(�=F m )70Hz en fonction deTCW (gauche) etTMW (droite) quand les
quatre paramètres d'entrée varient
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Figure R.38: Évolution de(�=F m )70Hz en fonction deTCW + TMW quand les quatre paramètres
d'entrée varient (gauche) et quand uniquement les tensions varient (droite)

R.6 Conclusions et Perspectives

Conclusions

Le premier ensemble de contributions de la thèse concernait la validation et la compréhension de
modèles. La caténaire a tout d'abord été étudiée dans le chapitre R.2. Des essais ont été exploités pour
con�rmer la validité des modèles utilisés pour les câbles. La caractérisation de la dispersion a montré
l'in�uence du vide entre les brins du câble porteur. L'hypothèse de corde dans laquelle la raideur de
�exion est négligée s'est montrée bien adaptée aux basses fréquences bien qu'in�uençant notablement
le transitoire. Différents cas de ré�exion/transmission ont été étudiés analytiquement et comparés aux
simulations et aux essais. Les conclusions intéressantes sont en particulier:

• une masse placée sur le �l de contact génère des ré�exions seulement pour les moyennes et hautes
fréquences et n'a par conséquent qu'un impact local;

• les ondes générées à un pendule dans les deux câbles se compensent aux pendules précédents et
suivants;

• au niveau d'un poteau, les ondes dans le câble porteur sont entièrement ré�échies alors que la
ré�exion sur le bras de rappel est négligeable. Ce comportement donne beaucoup d'importance
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aux pendules entourant le poteau et au rapport des impédances dynamiques des �ls.

Concernant l'interaction dynamique pantographe-caténaire, les travaux ont permis de distinguer les
effets et les fréquences caractéristiques liés à la géométrie statique, la propagation des ondes et les modes
de la caténaire dans le repère �xe de celle-ci ainsi que dans le repère mobile associé au pantographe.

La coïncidence des fréquences ou des temps caractéristique a permis d'expliquer la majorité des
variations des quantités d'intérêt tels que l'effort de contact et le soulèvement. Un résultat particulière-
ment intéressant est que la somme des vitesses dans les câbles est un paramètre dimensionnant dans la
caténaire.

Les principales incertitudes épistémiques liées aux paramètres du modèle ont été examinées dans le
chapitre R.3. La valeur physique de la raideur de contact obtenue par la théorie de Hertz est cohérente.
La fréquence de résonance de contact ainsi obtenue est du même ordre de grandeur que le premier mode
de �exion de l'archet. Pour interpréter des efforts de contact à des fréquences au delà de70Hz, il est
donc nécessaire de tenir compte de ces �exibilités locales.

Des essais ont été réalisés pour caractériser l'amortissement et les coef�cients obtenus sont signi-
�cativement plus faibles que ceux couramment utilisés pour des fréquences de plus de5Hz. Ces résul-
tats sont compatibles avec l'hypothèse que l'énergie est uniquement dissipée à travers l'amortissement
des matériaux. L'effort de contact dans la bande de fréquence moyenne était donc fortement sous-
estimé. Cette mauvaise estimation était en grande partie due au fait que les normes conseillent de �ltrer
l'effort de contact à20Hz. Il est à noter que des études menées par SDTools ont montré que la stratégie
de mesure actuelle n'est en réalité pas compatible avec une estimation des efforts de contact à plus
haute fréquence. La dernière incertitude épistémique considérée est liée à la taille des éléments du �l de
contact. Il a été démontré en particulier que de bons résultats dans la bande de fréquence[0 � 70Hz]
nécessitaient des éléments de moins d'1m pour des vitesses de pantographe de l'ordre du nominal et
que cette taille devait être réduite si la vitesse diminuait.

Le deuxième ensemble de contributions de cette thèse concernait la caractérisation d'incertitude
et son exploitation. L'étude de sensibilité initiale présentée en section R.1.3 comparait les variabilités
issues de la géométrie de la caténaire, de l'usure du �l de contact et de la charge aérodynamique. Elle a
permis d'orienter les travaux suivants sur la géométrie de la caténaire en particulier.

Dans le chapitre R.4, des mesures de géométrie ont été exploitées pour caractériser statistiquement
les paramètres qui in�uençaient la géométrie de la caténaire. Le problème inverse bien posé consistant à
ne modi�er que les longueurs de pendules a mené à une solution biaisée. D'autres paramètres ont donc
été introduits et le problème mal posé qui en résultait devait être traitée comme un problème statistique
inverse. La solution a montré que les variations de tension dans le câble porteur étaient relativement
importantes pour une caténaire dont la tension est régularisée. Les origines de cette variabilité ont été
examinés et celle-ci semble �nalement plausible. Après avoir dé�ni les paramètres qui in�uençaient la
géométrie statique, les variations de tension du �l de contact ont été supposées identiques à celles du
câble porteur en raison d'un manque d'information.

Les distributions de ces paramètres ont été ensuite utilisées dans le chapitre R.5 pour réaliser une
analyse de sensibilité sur des critères géométriques et dynamiques grâce aux indices de Sobol. L'objectif
était de déterminer des critères géométriques plus adaptés à la qualité de captage dynamique que ceux
actuellement utilisés par la maintenance. Une conclusion importante a été qu'aucun critère géométrique
ne semblait suf�samment corrélé aux critères dynamiques. La seule façon de garantir une bonne qualité
de captage est donc soit d'effectuer des mesures dynamiques, soit d'améliorer le contrôle des tensions
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mécaniques dans les câbles. La politique de maintenance devrait néanmoins être conservée pour des
raisons de sécurité, en particulier pour le contrôle du gabarit et du désaxement.

Perspectives

De nombreuses observations du chapitre R.2 peuvent être prises en compte pour la conception de
caténaires. En particulier, la réduction de l'impédance dynamique du câble porteur semblait fortement
améliorer la qualité de contact. Il serait donc intéressant de chercher de nouvelles formes ou de nouveaux
matériaux pour le câble porteur qui remplissent les conditions mécaniques et électriques nécessaires tout
en ayant une plus faible masse linéique. Les ondes se ré�échissant dans le câble porteur aux poteaux
semblent aussi avoir de l'importance. Le captage pourrait potentiellement être améliorée si un moyen
d'atténuer les ondes associées était trouvé, par exemple en utilisant une pièce dissipative.

Bien que les caténaires soient généralement optimisées pour une vitesse de conception, la vitesse
d'exploitation moyenne est généralement plus faible. Il existe donc un compromis entre les perfor-
mances certi�ées à une vitesse de conception et la performance moyenne à vitesse d'exploitation plus
faible. Ce compromis serait plus pertinent dans l'optique d'optimisation de la maintenance. Des amélio-
rations peuvent aussi être faites dans le cas de trains équipés de plusieurs pantographes captant simul-
tanément du courant.

Les conclusions de l'analyse de sensibilité doivent être étendues à d'autres pantographes et à des
unités multiples pour s'assurer de leur généralisation. Néanmoins, les variations de tensions dans les
câbles semblent importantes pour des caténaires qui sont supposées être régularisées en tension. Ces
variations in�uençant signi�cativement la qualité de captage, il serait intéressant de développer des
outils de mesure qui pourraient contrôler ces tensions. De plus il serait utile d'identi�er les sources de
ces variabilités et d'établir une procédure pour les réduire pour la conception de futures caténaires.

Les méthodes de mesure d'efforts de contact sont actuellement le point le plus bloquant pour des
développements futurs de critères dynamiques plus adaptés tels queNQmeca ou pour la validation de
modèles. Dans un premier temps, les mesures actuellement utilisées pourraient être conservées et des
estimateurs plus robustes tels qu'un �ltre de Kalman pourraient être développés pour obtenir un effort
de contact mesuré valide à plus haute fréquence. Dans un second temps, de nouvelles instrumentations
et de nouvelles procédures d'évaluation des efforts dans le pantographe devraient être trouvées.

Avec l'amélioration des procédures de mesure de l'effort de contact, les trains de mesures tels que
IRIS320 ou les trains commerciaux équipés de pantographes instrumentés permettraient d'acquérir une
grande quantité de données et donc de suivre l'évolution dans le temps de la dégradation de la caténaire
ainsi que de quanti�er les autres sources de variabilité. La détection de défauts deviendrait ainsi �able
et les mesures dynamiques pourraient �nalement être utilisées pour une maintenance conditionnelle de
la caténaire.

L'homologation virtuelle reste une perspective importante. Les simulations devenant de plus en plus
précises et robustes, leur utilisation dans le processus d'homologation des trains est aussi plus légitime.

En�n, de nombreux résultats ont été rendus possibles grâce à une amélioration signi�cative du
logiciel de simulation OSCAR et de sa capacité à gérer des études paramétriques larges. Ces travaux
illustrent donc le passage global de la mécanique numérique utilisant une simulation pour valider les
performances vers l'utilisation d'un grand nombre de simulations pour optimiser les performances, la
maintenance et la robustesse vis à vis des variabilités irréductibles.

32



Introduction

General background

Half of the approximately30000km French rail network is electri�ed. These electri�ed lines are
used for90%of the passenger traf�c and are thus the most intensively used lines. In China, there are
more than65000km of electri�ed lines and this �gure is expected to increase signi�cantly. Electric train
networks are thus still in expansion around the world.

The electric current is generally collected using an overhead contact line, also called a catenary, and
a pantograph that is attached to the train and slides under the catenary. This system is currently the only
one that can be used in open environments and for high speed trains.

Current stability is generally not an issue since power electronics are used in the train for this
purpose. The main issues that can appear are mechanical: it is essential to maintain a proper dynamical
behaviour of the system to avoid any catenary break that would induce disruption of the traf�c and costly
delays.

In order to keep the catenary and pantograph system under control, railway track managers de�ne
speci�c survey and maintenance policies. In France, the main controls are visual inspection and peri-
odic geometry measurements. Such controls are slow and not adapted to the intensive traf�c, so that
optimizing their use and frequency is of great interest.

To increase the periodicity of data records, dynamic contact force measurements have been per-
formed since 2006 on an instrumented train called IRIS320 that can run at320km=h and thus be inserted
in the traf�c of any line. The objective of this equipment is to use contact force measurements to allow
diagnostics of catenary defects and in the long term develop conditional maintenance strategies. Initial
work was carried out by Jean-Pierre Massat [1] and led to good detection of defects, but results were
not robust enough to be industrialized. Indeed, among the conclusions of this work, a high variability
of the measured contact force was observed. This scatter was due to the strong sensitivity of results to
the train velocity and wind. Moreover, the20Hz-�ltered contact force was too smoothed to detect very
local phenomena.

Tests are inherently limited in their instrumentation: the only dynamic measurements are forces and
accelerations on the pantograph and uplift at masts. Furthermore, testing conditions are limited by the
cost and the dif�culty associated with obtaining the proper train speed, pantograph combination, wind,...

It is thus essential to complement tests with numerical models and simulations giving access to
all quantities of interest. Various simulation software for the study of dynamic interaction between
the pantograph and the catenary have been developed by several companies or laboratories. The need
for such simulations is acknowledged in chapter 1. The OSCAR software package, used in this work,
has been under continuous development by SNCF and SDTools since 2003. This thesis is thus the
main outcome of a path�nder project initiated by SNCF Innovation & Recherche to guide the design
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of catenaries through a better understanding of the dynamical behaviour of the coupled systems, by
means of a relevant numerical modelling and robust simulations that take into account variabilities. The
proposed analyses were made possible by notable advances in the performance of OSCAR that now
allows detailed parametric and statistical studies.

Thesis contributions

Typical uses of pantograph/catenary interaction models are related to design and virtual certi�cation.
Obviously better design can reduce maintenance, augment life-span and thus optimize the life cycle cost
of the system. For the certi�cation aspect, initial simulations can be used to detect the most critical
operating conditions that need to be experimentally tested and to identify the con�gurations for which
simulation results are enough. The use of simulations can thus limit the number of certi�cation tests
needed.

For any design process, the �rst necessary step consists in understanding phenomena that affect
the system response. The dynamic interaction between the pantograph and the catenary is a complex
coupled system. Both parts have their own dynamic behaviour, the static geometry of the catenary plays
a major role and the moving contact generates waves in the catenary wires.

The wave generated frontward is the main issue for very high speeds. When the pantograph speed
approaches the wave propagation velocity, levels of force and displacement drastically increase and can
signi�cantly damage the catenary and the pantograph. At more conventional speed, the backward wave
can also be an issue when the train circulates with two lifted pantographs. This wave interferes with the
mechanical contact of the rear pantograph with trends that need to be understood.

The �rst contribution of this work is the development in chapter 2 of a better understanding
of the dynamic interaction between the pantograph and the catenary. The different phenomena such
as the dynamic response of the pantograph to the catenary geometry, wave propagations and catenary
dynamic behaviour have been observed separately. Understanding the contribution of each phenomenon
to the dynamic behaviour of the coupled system is thought to be critical for design optimization. The
analysis of the many possible coincidences gives a much better chance of properly analysing evolution
of performance with different parameters.

The second contribution is a discussion in chapter 3 on epistemic model parameters that were
previously used to tune the model for closer reproduction of dynamic measurements. In particular,
damping is identi�ed from original tests carried out on a full-size catenary [14], contact stiffness is
confronted with local theories and the impact of mesh re�nement is analysed.

The second major orientation of this work is a characterization of uncertainties and the proposal for
strategies for their exploitation.

Thethird contribution is the statistical characterisation of physical parameters of the catenary us-
ing available measurements. The preliminary analysis published in [15], presented at IAVSD 2013 [16]
and in section1.3 was led to choose the relevant source of variability to be modelled. The study of
an isolated span was presented at ISMA 2014 [17] and the extension to the full section is detailed in
chapter 4.

Given the statistical model of catenary geometries, thelast contribution is the propagation of uncer-
tainties through the static and dynamic models and the subsequent analysis criteria relevant for current
collection quality. This work was presented at Railways 2016 [18] and is further detailed in chapter
5 where the choice of criteria, their dependence on unknown parameters and the ability to use either
geometric or dynamic criteria as indicators of contact quality are discussed.
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Chapter 1

State of the art

There are two main ways to supply electricity to a train. The �rst is to use an electrical strip usually
installed laterally along the railway track. This third rail is a rigid bar on which a current collector
slides. The strong security requirement for this technology makes it unsuited for long distances and is
thus more common for urban transport like subway or tramway. Moreover, its rigidity makes the third
rail inappropriate for train speeds of more than160km=h.

For long distance, the electricity is supplied by overhead lines. The �rst in history was presented at
the International Electric Exposition in Paris in 1881. Since then, many improvements have been made
thanks to more than a century of empirical knowledge. Today, there is still no alternative technology to
the catenary for long distance high speed trains.

On the train side, current collection is ensured by a pantograph, an articulated tubular structure. The
objective of the pantograph is to follow the height of the catenary without any shock in order to keep
permanent contact.

The sliding of the pantograph under the catenary leads to a complex mechanical problem on which
are added current transfer issues.

Section 1.1 states the main industrial problems linked with pantograph-catenary interaction and
section 1.2 develops the state of the art in the �eld of pantograph-catenary dynamic interaction. A
preliminary sensitivity analysis [15] is detailed in section 1.3 and used to orient the choice of further
developments.

1.1 Industrial context

The two main mechanical subsystems required to ensure current conduction are the catenary and
the pantograph. The pair forms a coupled system: a pantograph is usually designed to ensure good
current collection quality under a particular catenary in a particular range of speeds. In order to develop
trans-european high speed lines, Technical Speci�cations for Interoperability (TSI) [19] have been set
by the European Railway Agency. The catenaries and pantographs studied here have all been certi�ed
against these standards.

After presenting the components of the catenary in section 1.1.1 and the pantograph in section
1.1.2, section 1.1.3 will address the general objective which is to ensure good current collection quality.
Electrical and mechanical criteria of quality are thus developed before discussing existing problems
associated with train certi�cation in section 1.1.4 and maintenance in section 1.1.5.
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1.1.1 The catenary

A catenary has to ensure a continuity of the mechanical contact with the pantograph. The curve
described by the contact point along the catenary is called the contact line and is physically represented
by thecontact wire (CW) as shown in �gure 1.1.

Figure 1.1: Composition of a typical25kV catenary

The CW needs good mechanical resistance and high electric conductivity, and as a result is usually
composed of hard copper or of an alloy of copper and tin. Its section is usually of150mm2 on high
speed lines. Figure 1.2 (left) shows the grooves on each side of the CW used to attach the claws for
steady arm and droppers. On the right, a dropper is attached to cables.
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Figure 1.2: Contact wire (CW) (left) and dropper (right)

The CW is subject to stagger of� 20cm to spread the wear on the full width of the pantograph
contact strip. This stagger is obtained using steady arms which are attached to the CW by claws and are
supposed to apply only a horizontal force. A small rotation of the CW is observed and expected here.

Thesteady arm(SA) only works in traction. It is attached by a pivot to a registration arm which
allows application of this traction on both sides of the CW keeping all the masts on the same side. This
registration arm is then attached to the bracket by another pivot link. Figure 1.5 shows pictures of some
of them.

In the vertical plane, the CW sags under its own weight. To keep it �at, amessenger wire(MW) is
positioned vertically above the CW and holds it thanks to droppers placed every4:5m or 6:75m on the
catenary studied here. The MW is a braided wire made of 37 yarns of bronze and is directly attached to
the bracket. This bracket is linked to the mast by two pivots that allow the wires to move along the track
direction.

Masts are positioned almost periodically, usually every45m to 63:5 (closer in curbs) thus de�ning
spans. Exact periodicity never occurs because of track plans and environment. This break of periodicity
is also thought to avoid particular oscillation frequencies linked to the span length.

Two kind of catenaries will be studied in this work. TheV300 andV350 are both used on high
speed lines in France and designed for nominal train speed of300km=h and350km=h respectively.
They are under an electric tension of25kV and can be subjected to a current of400A.

Catenary sections have a length of1km to 1:5km. The MW is tensioned at14kN for V300 and
20kN for V350. The CW is mechanicaly tensioned at20kN for V300 and25kN for V350. These
mechanical tensions need to be regulated because of length variations induced by temperature changes.
That is why, at each extremity, cables are tensioned by masses using a tension system composed of �ve
pulleys shown in �gure 1.3 that applies a tensionT of �ve times the weightP of the suspended mass.
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Figure 1.3: Tension device composed of 5 pulleys

Anchors are placed on the bracket in the middle of the section to prevent progressive sliding of wires
in the track direction.

To ensure continuity of contact, an overlap area, shown in �gure 1.4, is created between each cate-
nary section. In this area, the pantograph is supposed to be in contact with two contact wires. This
passage is delicate since the catenary must be well tuned to avoid shocks and allow a smooth passage.

Figure 1.4: Overlap section between two catenary sections

1.1.2 The pantograph

The pantograph is an assembly of articulated tubes �xed on the roof of the train, usually placed
on the locomotive. It applies a force on the CW to keep mechanical contact and ensure the transfer of
electric current to the locomotive. It is composed of two main parts: the large frame and the bow. Many
large frame designs exist around the world and the two main types used with French high speed trains
areGPU andCX . Figure 1.6 shows the composition of these two pantographs. The main difference is
that the lower frame is composed of two bars for GPU and only one bar for CX.
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Figure 1.5: Mechanical bounds between bracket and mast (left), MW and mast (center) and registration
arm and SA (right)

Figure 1.6: Composition of pantographs GPU (left) and CX (right)

On the main frame is attached a bow where the contact strip is �xed. This contact strip is long
enough to cover all the stagger of the CW. It is a wear component usually made of carbon that is
changed almost every other week. Horns are placed on both extremities of the bow to prevent the
CW from sliding under the bow, which would seriously damage the catenary and probably destroy the
pantograph.

The force applied by the pantograph to the CW is composed of two parts. The �rst is the com-
mand applied by the pneumatic cushion which ensures a minimum static contact force of70N and then
increases this force proportionally to the square of the train velocity. These curves are given by the
TSI [20].

The second component is the aerodynamic force which greatly depends on the type of pantograph
and also increases proportionally to the square of the train velocity. Usually, on the GPU frame, spoilers
are added to calibrate this force. This force may vary with the wind speed or due to gusts generated by
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passing trains. The CX frame was designed to cancel this aerodynamic lift, but its aerodynamic behavior
strongly depends on the one of the bow �xed at its top.

Three kinds of bows usually equip the previous frames. The �rst is composed of two independent
contact bands. An example of this bow is shown in �gure 1.7 (bottom). The aim of this technology is
to have always one band in contact with the CW. Moreover, this also provides redundancy if one band
were to break and is thus considered a security feature. Such bows can hardly weigh less than8kg. This
suspended mass deteriorates the pantograph dynamics. Furthermore aerodynamic lift is strong, which
makes its tuning complicated.

Mono-bloc bows exist with one and two contact strip. The two strip kind is the most popular in
France and can be seen in �gure 1.6. The last, with one strip, shown in �gure 1.7 (top), is the lightest
and usually weighs less than5kg and has a light aerodynamic lift.

Figure 1.7: Mono-band bow (top) and bow with two independent bands (bottom)

Efforts in new pantograph design have long been to design active control systems [21, 22, 23, 24,
25, 26] but have not yet been used in commercial trains. Efforts are also aimed at reducing the suspended
weight, mainly represented by the bow, to improve dynamic behavior, limit or control aerodynamic lift
of the whole system, and develop the interoperability between the different European networks [27].

1.1.3 Current collection quality

Evaluating the quality of contact between the pantograph and the catenary is a tricky task. On one
side, electrically, the current �ow has to be stable. A minimum of contact surface is thus needed oth-
erwise an electric arcs appears which can perturb the locomotive feeding and damage both pantograph
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and CW. On the other side, mechanically, if the pantograph applies a too high force on the catenary,
wear of the strip band and contact wire will increase.

The imperfection criterion, called "Non-Quality" criterion (NQ) is a French electric criterion based
on the observation of the light emitted by electric arcs by a camera. Are taken into account arcs longer
than5ms, when current �owing inside the pantograph is more than30%of the nominal collected current
and the train velocity is higher than220km=h. NQ is de�ned by the percentage of arcs during the real
current collection time,

NQ =
100� (Cumulative time of arc)
Real current collection time

(1.1)

The standard is to enforceNQ < 0:2.
The optical measurement system has to be sensitive to the wavelengths of the light produced by

copper (220nm to 225nm) or copper alloy (323nm to 329nm) as indicated in European standards
EN50317 [2]. This criterion is the electric one. It is the simplest way to evaluate the current collection
quality since it is very simple to install and to adjust. Nevertheless, it does not consider the wear induced
by mechanical friction and only considers light inside a speci�c wave length range. Moreover, it is
highly sensitive to local default of the catenary and weather conditions, and is thus poorly reproducible.

Another current collection criterion, that does not encounter these issues, is commonly used. It is
is based on the force applied by the pantograph on the contact wire and is thus more a criterion on
mechanical interaction quality.

The contact forceFc measured thanks to an equipped pantograph is �ltered at20Hz. At this fre-
quency, the time signal is supposed to follow a Gaussian distribution and thus the mean contact force
Fm and the standard deviation of the �ltered signal� (Fc)20Hz can be de�ned. Supposing now that an
arc appears when the mechanical contact is lost, which means that the contact force is equal to0N , the
probability of arcing is less than0:14%if the condition

Fm � 3 � � (Fc)20Hz > 0 (1.2)

is ful�lled. This criterion also plays the role of high limit for the contact force and thus controls wear
by friction. This criterion is the one used in European standards EN50317 [2]. Thresholds are detailed
in EN50367 [28].

This contact force does not always follow a Gaussian distribution, particularly after �ltering. That
is why the threshold to consider a good current collection quality has been raised to30N in Germany
or 40N in Italy [29].

Current methods to evaluate collection quality are known to be limited. That is why several studies
on contact force or contact loss measurement have been led in the past decade [30, 31, 32]. Nevertheless,
the correlation between mechanical and electrical criteria has yet never been discussed in detail. Section
5.1.2 discusses a mechanical criterion that can represent the electrical one.

1.1.4 Train Certi�cation

Train certi�cation is required for a train running on a speci�c track and catenary. The TSI have
been created to reduce the amount of in-line tests and ease cross-certi�cation. A TSI certi�ed train does
not require any in-line test to run under a TSI certi�ed catenary. But if one of the two system is not
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certi�ed, in-line tests have to be performed to demonstrate their compatibility. This certi�cation process
is still extremely long. In the case of a non TSI certi�ed train, the test campaign has to cover every
con�guration the train can have : all permutations of train set and raised pantograph, all catenaries of
the new line.

The increase of traf�c on high speed lines makes the process even harder and more expensive. The
European Railway Agency (ERA) has published a report [33] to list all the requirement and costs of a
full train certi�cation.

Using simulation tools is a good way to reduce this expense. The �rst step has been to introduce
the European standard EN50318 [34] to certify these pantograph-catenary interaction simulation tools.
Then, a European project called TrioTRAIN was launched in 2009 to promote interoperability by the
use of virtual certi�cation. The sub-project PantoTRAIN has shown that a70%reduction of the number
of measurement may be possible.

An issue which has to be addressed to develop virtual certi�cation is the variability of measurements.
Figure 1.8 shows an example of a real certi�cation. The tests displayed with dots have to respect the
standards indicated in plain lines, i.e. the red dots have to be under the red line, blue dots between the
blue lines and yellow dots over the yellow line. It is clear that a precise value of the mean contact force
Fm is hard to obtain. Moreover, for identical speed andFm , variations of� (Fc) are found. Accounting
for this variability in numerical models is thus an objective of the present work.
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Figure 1.8: Example of certi�cation map built to validate tests in one con�guration for �ve different speeds

1.1.5 Catenary maintenance

In France, annual maintenance costs of catenaries total more than 200Me . Around 13% are used
for catenary renewal, 16% for CW renewal and 14% for monitoring. More than 51% of the budget is
allocated to preventive maintenance and only 2% for curative maintenance.

The monitoring is divided in two parts, the simple watch to control if anything obviously needs
maintenance, and measurement done by engines. These engines measure the wear of the contact wire
and the height of the contact wire along the track, which is called the catenary geometry.

This geometry is controlled periodically, every one or two years by a machine that cannot be used
for velocities over40km=h. That is why it runs during the night. If an anomaly is observed on mea-

42



Section 1.2 Scienti�c context

surements, maintenance is done during the next scheduled preventive maintenance round, except if this
anomaly is too high and has to be urgently corrected.

The good dynamic behavior of the pantograph-catenary system is supposed to be assessed by the
catenary design. The French standards on catenary geometry indicated in IN1797 [3] aim at ensuring
that the catenary geometry is not far from the one designed. The relation between geometry and dynamic
is not clear and some countries directly use dynamic criteria to monitor the catenary. Evaluating this
relation will be a second objective of the present work.

1.2 Scienti�c context

1.2.1 Introduction

Obtaining predictive pantograph-catenary interaction models opens the path for several industrial
uses in maintenance or design.

Wear is a �rst maintenance issue. Wear of the strip band on the pantograph has been studied in [35,
36]. These wear components have a short lifetime and it is dif�cult to improve them without spoiling
the lifetime of the contact wire. Wear of the contact wire has been studied in [37, 38, 39, 29]. These
studies have shown that the driving parameter is the contact force, hence the need of a good prediction
of this quantity.

With the evolution of materials used for CW and the use of carbon for contact bands, wear of CW
has been drastically reduced and a new problem recently appeared the fatigue of the CW. Several studies
on the subject [40, 41, 42, 43, 44, 45] have shown that contact force is again the main indicator of fatigue
risk.

Wave propagation in the cables is also a well-known problem as it is the main limit to the train ve-
locity. Its impact on dynamic has been studied analytically [46] and experimentally [47], with differing
results. The issue of relevant propagation speeds will thus be addressed in section 2.2.

Numerical models can also be used for designing or optimizing pantograph [26] or catenaries [48]
or both together [49]. Other applications such as the virtual certi�cation discussed in section 1.1.4 are
also expected.

Simulation of the dynamic interactions is thus the key for many industrial improvement. Pantograph
and catenary model and their interaction are detailed in section 1.2.2. A parametric analysis of the
dynamic interaction is then developed in section 1.2.3. Finally, section 1.2.4 prepares choices made for
the rest of the thesis by addressing the possible sources of uncertainty that in�uence dynamic interaction.

1.2.2 The Pantograph-Catenary interaction model

The catenary described in section 1.1.1 is an assembly of wires, generally modelled as tensioned
beams [1] described by the local equilibrium equation

EI
@4z
@x4

� T
@2z
@x2

+ �
@2z
@t2

= F; (1.3)

with E the Young Modulus,I the moment of inertia,� the linear mass,T the axial load andF an
external force applied on the beam.
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Figure 1.9: Model of a catenary section

Although the pantograph-catenary system is non-linear due to the one-sided contact laws and drop-
per slackening,

Semi-analytical models based on assumed sine motion of the wires have been developed to un-
derstand fundamental phenomena [50, 51, 46] or to validate Finite Elements Models (FEM) [1]. The
initial idea was that these models could have a lower cost, but they are clearly less �exible than 3D
�nite element models, which is the method of choice for the most general software packages [4]. OS-
CAR, the French pantograph-catenary dynamic simulation tool developed by SNCF and SDTools [52]
uses this approach with few restrictions to allow contact computations. This software is a ful�lment
of thirty years of work, took the OSCAR name in 2004 and is certi�ed against the European standard
EN50318 [34].

In the default behaviour of OSCAR, droppers are modelled as bars with non-linear stiffness to
represent the loss of stiffness in compression. Steady and registration arms are represented using bars
or beams with pin �ags thus allowing pivot motion at their ends. Brackets, when represented, use either
springs or beams. The various claws (for droppers, arms or junctions) are modelled using concentrated
masses, except for detailed local studies such as fatigue analyses [42, 45] where beams with offsets are
used to properly represent the local stiffness.

The �rst step of a catenary computation is an evaluation of the static position taking into account
the effects of gravity and tensioning of the wires. Figure 1.10 shows two spans of the catenary subject
to the tensionsTCW andTMW in the cables with gravity applied to the masses, beams and bars.

TMW TMW

TCWTCW

g

Figure 1.10: Forces applied for the static computation
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The static position of the catenary and in particular of the CW, illustrated in �gure 1.11, is known
to have a large impact on contact forces. This position, called geometry of the catenary or sag, can
be optimized as done in [53] and [54]. Similarly [55] has worked on optimal knuckle junctions. In-
stallation guidelines [56] have been released for Shinkansen based on a link between geometry criteria
and dynamic current collection quality. The contact force induced by catenary geometry will be further
detailed in section 2.1.
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Figure 1.11: Height of the contact wire along two spans

The design objective being a static geometry in loaded condition, the choice of an initial geometry
before loading is a somewhat open issue. Building guidelines typically specify dropper lengths and
positions and adjustment are performed at the masts. Design strategies for the choice of dropper lengths
are typically based resolution of an inverse problem based on string assumptions.

OSCAR implements a dropper adjustment procedure that seeks an initial geometry by adjusting
dropper lengths that will reach equilibrium for a target CW position. This procedure will in particular
be used for statistical studies on geometries in chapter 4.

Another issue of interest is that slope discontinuities between elements tend to generate contact
force �uctuations. OSCAR thus typically uses initial meshes before loading where the CW geometry in
unloaded condition is �at.

Catenary damping is generally modelled as a Rayleigh damping (proportional to mass and stiffness),
velocity proportional damping or modal damping. In OSCAR, damping is a piecewise Rayleigh model,
each element type of the system has different Rayleigh coef�cients. The elements are separated in
four groups: CW, MW, Droppers and SA. No damping has been set on point masses. Damping is
currently the most critical parameter as dynamic results are highly sensitive to it and values are �xed by
calibrating simulations on dynamic measurements. [4]. As part of this work, tests have been led on a
full size catenary to determine the most appropriate damping models and coef�cients. Results will be
detailed in section 3.2.

In most studies, pantographs are simply modelled as two, three or four lumped-masses connected
by possibly non-linear springs representing the �rst few modes [57]. Figure 1.12 shows a three mass
model.
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Figure 1.12: 3 masses (left) and 3 masses with friction band (right) models of pantograph

The bow is linked to the main frame by small spring systems called small plungers. The massm3

corresponds to the mass of the bow with the upper part of these small plungers. The stiffnessk3 and
dampingd3 are approximately those of the spring system.

The massm2 corresponds to the mass of the upper frame with upper connecting rod and the lower
part of small plungers. The massm1 is for the lower frame and values ofd1 andk1 correspond to the
pneumatic cushion.

Stiffnessk2 and viscous dampingd2 are �xed thanks to measurement to get the two �rst bending
modes of the frame, which correspond to the upper frame bending with a mobility of the lower frame,
around 12 Hz, and the bending of the upper frame alone [58], shown in �gure 1.13.

Figure 1.13: First bending modes of the pantograph frame

The �rst bending mode of the bow can be taken into account by separating the upper mass in two
as shown on the right 1.12. When the bow is made of two independent bands, the upper mass is then
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divided in four.

A �rst level of re�nement consists in adding non-linearities between the different masses. When
detailed modeling of the pantograph is needed for detailed accounting of non-linearities and �exibilities,
multi-body models such as the one in �gure 1.14 have been used [59, 60, 61, 62, 63] in computations
involving cosimulation with the FE code. With such models, the full dynamics of the pantograph can be
taken into account. Sample applications are prediction of the risks of incidents such as passage of wires
under the lateral horns or integration of active control laws.

Figure 1.14: Multi-Body model of a pantograph

The dynamic behavior of the pantograph can be critical for current collection. That is why it is
studied through dynamic simulations and several optimizations of its design parameters have been led
either on a lumped mass model [64, 65] or a multi-body model [63].

The Hardware in the Loop (HIL) simulations [66, 67] consists in coupling a real pantograph con-
trolled by an actuator which is commanded by a catenary model. This closed loop mixing a test bench
and real time software allows to study precisely the pantograph behaviour with realistic loadings. HIL
thus allows removing some model uncertainties such as pantograph non-linearities or contact stiffness.

The sliding contact between the pantograph and the catenary is usually modelled using a contact
stiffness. Using a Lagrange based method would avoid introducing a parameter but leads to the intro-
duction of high frequency dynamic behavior associated with the passage of elements [68]. The contact
stiffness however has signi�cant impact on the contact dynamics and proper understanding of its validity
is still an open topic that will be partially addressed in 3.1.

Explicit solving is usually too slow for industrial application. Implicit numerical integration schemes
are thus commonly used. The most spread are the Newmark scheme, used in OSCAR, and the alpha
scheme.
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1.2.3 Analysis of the dynamic interaction

The quality of mechanical interaction between the pantograph and the catenary is linked to the
contact force applied by the pantograph to the CW. A sample of a 20Hz-�ltered contact force simulated
with a train passing at 90km/h and 320km/h in a nominal con�guration along �ve spans is shown in
�gure 1.15. Passages at masts (or under steady arms) are indicated with vertical dotted lines). The �rst
obvious observation is that, signals being plotted against the pantograph position, the �ltering frequency
of 20Hz in the temporal domain gives a totally different spatial �ltering if the pantograph velocity is
changed. A spatial �ltering is thus more appropriate to compare contact force at different speed. For
a same mean contact force applied, variations are higher when speed increases. Moreover, a periodic
scheme can easily be seen at 320km/h at the scale of the span. The aim of this section is to give a �rst
understanding of phenomena which contribute to this periodic signal.
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Figure 1.15:20Hz-�ltered contact force simulated at90km=h (left) and320km=h (right)

Recent improvements in computation capacity enable simulation of contact forces and catenary
displacements for a large range of velocities. Contact force can thus be drawn as a color map depending
on the position of the pantograph and its velocity as shown in �gure 1.16 for two different spatial
�ltering. These contact forces have been normalized to avoid hiding information at low speed for which
contact force variations are lower. The0:22m� 1 and 0:8m� 1 low pass spatial �ltering correspond
respectively to20Hz and 70Hz temporal �ltering frequency for a pantograph velocity of 320km/h.
Filtering at a too low frequency limits localisation of peaks in the signals. Many lines which depend on
the pantograph velocity become much clearer with the higher frequency �ltering.
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Figure 1.16: Contact force along one span �ltered at0:22m� 1 (left) and 0:8m� 1 (right) with SA
passages in vertical solid lines and droppers passages in vertical dashed lines

A regular catenary composed of 54m-length spans only is used for simulations to enhance the ob-
servation of periodic phenomena. The contact force is then strongly periodic and the Fourier transform
of this signal is easier to interpret. Figure 1.17 shows this Fourier transform against spatial (left) and
temporal (right) frequencies. Several features are lines in one for a type of frequency and curves in the
other. Contact force periodicity is thus caused by phenomena with temporal and spatial periodicity.

Figure 1.17: Amplitude spectrum of the Fourier transform of the contact force as a function of panto-
graph velocity in spatial (left) and temporal (right) frequency domain

All these observations on contact force are made in the pantograph moving frame. In the �xed frame
of the catenary, many other data are available using the same map representation. Figure 1.18 shows
the normalized uplift of the contact wire under a SA placed at the positionx = 320m. On the spatial
representation (left), the vertical line clearly indicates the pantograph passage under the observed point.
The maximum peak observed on this line is more critical for speci�c pantograph velocities, for example
at around140km=h when another line crosses the vertical one. These non-vertical lines appear vertical
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in the temporal representation (right). Coincidences between temporal and spatial phenomena can thus
strongly impact uplift and thus dynamic behaviour of the pantograph-catenary couple.

A clear transition appears around170km=h over which on vertical line appear in the time represen-
tation. This phenomenon will be discussed in section 2.3.

Figure 1.18: Uplift of the contact wire at the sixth SA placed in positionx = 320m against pantograph
position (left) and time (right)

The Fourier transform of the uplift shows mainly low frequencies. Vertical acceleration of the con-
tact wire is thus preferred to show higher frequency phenomena. Figure 1.19 shows these Fourier trans-
form of accelerations against spatial (left) and temporal (right) frequencies. A large net of curves can
be observed and again, coincidences lead to higher energies localized at speci�c pantograph velocities
for speci�c frequencies.

Figure 1.19: Fourier transform of the vertical acceleration of the contact wire under a SA placed in
the middle of the catenary section against pantograph velocity in the spatial (left) and temporal (right)
frequency domains

Finally, the uplift of the contact wire at the pantograph passage over a span as shown in �gure 1.20
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mix the observations made in �xed and moving frames. The transition seen in �xed frame at170km=h
is also observed in the spatial domain (left), while the vertical spatial frequency lines of the moving
frame can be observed in the Fourier domain (right)

Figure 1.20: Uplift of the contact wire at the passage of the pantograph along one span (left) and its
Fourier transform in spatial frequency domain (right)

The identi�ed phenomena that occur in all these observations are the dynamic response of the pan-
tograph to the catenary static geometry, the wave propagations in wires and re�ections/transmissions at
droppers, masts or SA.

Some of these phenomena clearly appeared during tests led on a full-size catenary for damping
characterization. The tests consisted in mass drops at different points of the catenary with different
masses while measuring accelerations with four tri-axial accelerometers. Figure 1.21 shows the full
catenary model (top) with the sensors positions (red) for one con�guration and the positions of the
masses dropped (blue). Tests were led with sensors spread on two spans to observe the signals before and
after a SA (top), only inside a span (bottom left) to observe re�ections and transmissions on droppers, or
in the span without any dropper (bottom right) to observe wave propagation and re�ection/transmission
on a mass (black) when one is added.
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Figure 1.21: Mass drops for three sensors con�gurations indicated in red, different position of the
mass dropped (blue) and added hung mass (black)

Figure 1.22: A mass drop test on the full size catenary
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A sample of measurement in the con�guration of �gure 1.21 top is shown in �gure 1.23 which
corresponds to the vertical velocity measured in sensor 1 (red) for a mass of40:6kg dropped at position
3 (blue), which is collocated with the sensor. Two droppers separate the sensor from the SA. The wave
generated by the mass dropped att = 0 is partially re�ected at the �rst and second droppers which
generate waves that reach the sensor at the times indicated with vertical dotted lines. The re�ection on
SA appears between0:3s and0:4s and is combined with several other re�ections/transmissions.
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Figure 1.23: Vertical velocity measured at the position of a mass dropped

Figure 1.24 shows a simulation of a mass dropped att = 0 in positionx = 0 . Wave propagation,
re�ection, transmission on droppers and SA are also clear.

Figure 1.24: Vertical acceleration after a mass drop att = 0 in x = 0 with positions of SA indicated
in horizontal solid lines and droppers in horizontal dashed lines

The initial observations of this section have highlighted the importance of considering �xed and
moving frames, spatial and temporal Fourier transforms, wave propagation in cables, re�ections and
transmissions at droppers and various discontinuities. Chapter 2 will thus focus on enhancing this
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analysis to help analysing the many coincidence phenomena that lead to the variations of dynamic
response of the coupled pantograph/catenary system.

1.2.4 Uncertainties
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Figure 1.25: Simulation and three different measurements of the20Hz-�ltered contact force under the
same section

The contact force computed by simulation, once 20Hz �ltered, is visually close to the measurements.
Figure 1.25 shows a sample simulation corresponding to three different measurements of the same
section. The variability in measurements is clear and opens the question of uncertainties.

Uncertainties are generally classi�ed into two kinds. The �rst is variability, also called aleatory or
inherent uncertainty. It is irreducible and is caused by random phenomena. The second is epistemic
uncertainty that is composed of all data that could be reduced in other words known with suf�cient
knowledge.

In the case of pantograph/interaction models, epistemic uncertainty, often simply called uncertainty,
can be classi�ed as shown in �gure 1.26. Damping and contact model are critical because of their strong
impact on contact force. Damping is measurable and full size tests were led and are exploited in section
3.2 to reduce this uncertainty. The impact of the contact stiffness is detailed in section 3.1. Finally, the
impact of mesh re�nement is discussed in section 3.3.

The second step of uncertainty analysis is to identify all the potential sources of variability. Figure
1.28 shows these sources classi�ed in three different groups: rolling stock, infrastructure and envi-
ronment. Figure 1.27 shows pantograph collecting current during the measurement campaign for EU-
ROPAC [69]. For the same operation conditions (speed, train, position along the line, etc.), there is no
arcing when the weather is good and many arcs when humidity is high. This illustrates variability of the
current collection quality, but not necessarily that of contact force since the impact of rain on arcing is
not understood in detail.

Most of uncertainty sources in Figure 1.28 cannot currently be modelled due to a lack of knowledge.
Section 1.3 thus presents a study focusing on known uncertainties the wind, the contact wire wear and
the catenary geometry with the objective classifying their in�uence.
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Measurement uncertainty

Variability
• geometry
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• aerodynamic

Variable input

Uncertainty on model parameters
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• Damping coef�cients
• Contact stiffness
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Numerical uncertainty
• Mesh size
• Time step
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Determinist simulation

Figure 1.26: Identi�ed epistemic uncertainty

Figure 1.27: Good (left) and bad (right) current collection quality under the same catenary type for
different weathers
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Figure 1.28: Identi�ed variability
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1.3 Preliminary characterization of variability by local sensitivity analy-
sis

This section seeks to evaluate the impact of variabilities on the pantograph/catenary interaction. The
corresponding results were published in [15]. From the list of physical variabilities identi�ed in �gure
1.28, only three are associated with available measurements:

• geometric irregularities, which correspond to the actual height of the contact wire,

• contact wire wear which is de�ned by the contact wire section,

• aerodynamic variability, de�ned as a perturbation around the mean applied aerodynamic force

Section 1.3.1 proposes a characterization of each source. Section 1.3.2 then details their in�uence on
the contact force.

1.3.1 Characterisation of sources

The method to account for each variability depends on how each parameter in�uences the dynamic
behaviour. All considered cases however share a random signal generation process. The classical
method used here is to affect a random phase� n , in the [� �; � ] interval, to a spectrum of known
amplitudeAn and to compute the response by inverse Fourier transform,

z(k� x) =
NX

n=1

jAn je
j 2�kn

N + � n (1.4)

where zero mean is achieved by settingA0 = 0 and the spectrum is constrained to be symmetric (that is
AN � n = An and� N � n = � � n ) to obtain a real realization by inverse Fourier transform.

Geometric irregularity characterizes differences between nominal and real geometry of the catenary
particularly at mast and dropper positions. The nominal geometry is de�ned by perfectly regular sag of
1=2000and a �xed height identical for every mast. This study focuses on parameters like dropper length
and mast height, which affect the contact wire static height. Figure 1.29 shows a measurement that is
clearly much less regular than the theoretical design. The spatial and spectral representations are given
for measurements in solid line and for the nominal height of the catenary in dashed line. Measurements
are low-pass �ltered using a 20-points moving average method. This corresponds to a �lter at0:25m� 1

or equivalently,4m, which is smaller than the smallest inter-dropper distance. Higher frequency irreg-
ularities are not taken into account since they cannot be caused by geometric irregularities.

Between droppers and spans the geometry is only linked to tension, beam section and gravity which
are supposed to be known. The proposed strategy is thus to use random values for contact wire height at
dropper and span locations. Wear induces height modi�cations whose dynamic impact is very low for
long wavelengths. Geometry modi�cations induced by wear can thus be neglected.

A random spatial signal is �rst generated using (1.4) and the amplitude spectrum of measurement
shown in blue in �gure 1.29 (right). Given this signal, an inverse static computation is performed by
modifying dropper length of the nominal catenary in order to converge to the target position of contact
wire at dropper and span locations. The resulting catenary mesh is then used in dynamic simulations,
thus taking into account geometric irregularities. Figure 1.30 (right) shows an example of sag obtained
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Figure 1.29: Filtered measurements (blue) and theoretical (red) CW height (left) and amplitude of
spatial-spectrum of CW height (right)

from the nominal catenary model and the target height after an inverse static computation. On the
left, the difference between computed sag and measurement is shown and demonstrates that the target
geometry is reached with a gap of less than1mm along the contact wire. The highest variations come
from the approximation of the masts height, which is negligible.
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Figure 1.30: Comparison between contact wire height measured and computed by inverse static method

Wear can slightly modify dynamic behaviour of the catenary since it acts on local stiffness and on
contact wire height. It is characterized by a decrease of section areaA and an increase of contact wire
height. In-line measurements are used to determine a mean wear over the contact wire. These global
values allow to de�ne coef�cients of a wear law de�ned experimentally [29] as

A = k1

�
1 +

i
i 0

� � � �
Fc

F0

� � V
V0

Fc

H
+ k2

R(Fc)i 2

H � V
(1.5)

58



Section 1.3 Preliminary characterization of variability by local sensitivity analysis

with

R(Fc) =
krp
Fc

(1.6)

whereA is the surface removed by one pantograph passage in [mm],Fc the load in [N],i the electric
current andV the train speed.V0, i 0 andF0 are used for normalization and taken equal to nominal
values, i.e.V0 = 3m=s, i 0 = 426A, F0 = 190N . k1, k2, � and� are the non dimensional parameters
de�ned to �t with measurements.H is the hardness of the softer of the two materials,H = 110HR .
Finally,kr is a coef�cient used to interpolate the relationship betweenR andFc, kr = 4 :9710� 2
 :N 1=2.

Contact force is thus strongly linked with CW wear. As the contact force is usually higher in the
same area of the CW, the spatial distribution of wear is not totally random. To take into account this
information, the contact forceFc is simulated using the nominal geometry. The wear pro�le obtained
for one cycleA(x) wherex is the axial position along the catenary, is then multiplied by a target number
of cycles before renewing the contact force computation. The full lifespan of the contact wire is thus
separated inton linearly spaced simulations,n representing the number of cycles varying between0
and108.

x
x

G1
G0

A0 A1 < A 0

dz

Figure 1.31: Contact wire section of new (left) and worn (right) wire,A being the section area andG
the centre of gravity

Wear induces two main effects, the �rst is a perturbationdz to the vertical position of the contact
point as it is illustrated in �gure 1.31. In the time integration, solved with Newmark implicit method,
dz is thus considered,

Kq + C _q + M •q = kc(zcat + dz � zpanto ) (1.7)

whereK is the stiffness matrix,C the damping matrix,M is the mass matrix,zcat , height of the contact
wire corrected by the section changedz andzpanto , height of the pantograph.q is the displacement
vector andkc the contact stiffness.

The second effect is a section reduction of the contact wire which leads to a decrease of the local
stiffness. As OSCAR uses FEM, stiffness variations cannot have higher frequency than the one induced
by the element size. A constant stiffness is applied for each beam element of the contact wire, by
averaging the random section wear signal over the element length. Both phenomena are taken into
account at the same time in this study, which does not aim at analysing their impact separately.

The aerodynamic irregularity is de�ned as a time varying vertical force �uctuating around the mean
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Figure 1.32: Measured aerodynamic forces (black) and 95% probability interval (red)

aerodynamic force applied on the pantograph. This variation is due to changes in different parameters
such as train speed or wind speed and direction. Available measurements are used to compute the mean
aerodynamic force. They are �ltered at1Hz and give a reasonable indication of the variation range for
the aerodynamic force. For the considered case at320km=h shown in �gure 1.32, a mean of96N and
a range of variation between83N and109N with a 95% con�dence interval are observed.
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Figure 1.33: Aerodynamic force spectrum measured (black) and spectrum shape de�ned (red)

While de�ning a probability distribution for the aerodynamic force would be a classical approach,
it does not contain any spectral information so that a different approach was preferred here. A design
force spectrum is de�ned by extending measurements to higher frequencies which is used to generate
a vertical load on the upper mass of the pantograph model using 1.4. Figure 1.33 shows the extension
of the spectrum. This extension was done by roughly taking the mean value of the spectrum amplitude
computed at1Hz as �xed amplitude between1Hz and10Hz. The frequency under1Hz corresponds to
a spatial frequency under0:012m� 1 for a nominal speed of83m=s, which is under the span frequency,
equal to0:0185m� 1. The value10Hz has been taken arbitrary.
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1.3.2 Impact on contact force

After having generated a thousand of random geometries, wear pro�les and aerodynamic forces, dy-
namic simulations have been computed separately, i.e. three thousand simulations. A direct comparison
of contact forces in time domain is not possible, in particular due to the presence of phase differences.
To address this issue, different statistical quantities are studied. The usual approach to quantify the cur-
rent collection quality is compute the coef�cient of variation of contact force, in other words its standard
deviation� (Fc) divided by its mean� (Fc). This value is computed for each simulation and for each
type of irregularity, a sample of one thousand coef�cients of variation is computed. Standard deviation
of this variable and of other scalar values such as the standard deviation of the contact force� (Fc) or
the mean contact force� (Fc),

• � (� (Fc) i ) the standard deviation of the mean contact forces

• � (� (Fc) i ) the standard deviation of standard deviations of contact forces

• � ( � (Fc ) i
� (Fc ) i

) the standard deviation of coef�cients of variation of contact forces

are computed.
Table 1.1 summarizes results.� ( � (Fc ) i

� (Fc ) i
) shows that the main irregularities impacting the current col-

lection quality are the geometric and aerodynamic ones, wear can already be taken aside. Nevertheless,
the way they impact the dynamic is different. Geometry irregularity does not signi�cantly in�uence the
mean contact force but acts on its variations, whereas the aerodynamic irregularity mainly changes the
mean contact force.

Table 1.1: Standard deviation of three statistical moments of contact force
X X X X X X X X X X XIrregularities

Criteria
� (� (Fc) i ) � (� (Fc) i ) � ( � (Fc ) i

� (Fc ) i
)

Geometric 0.18 1.2 0.0087
Aerodynamic 3.5 0.21 0.0068
Wear 0.02 0.24 0.0019

Aerodynamic irregularities were roughly modelled due to lack of measurements. For instance,
direction or gusts of wind were not taken into consideration. Impact of aerodynamic variability should
thus be studied in detail when measurements are available. It was thus chosen in this work to focus
on geometric irregularities, which have the highest impact on current collection and are associated
with plenty of measurements. Chapter 4 will thus detail building of a statistical model of parameters
impacting geometry and chapter 5 will use this model to illustrate possible uses an uncertain model in
relation with maintenance and performance criteria.
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Chapter 2

Dynamic properties of catenaries and
pantographs

The simple parametric studies of section 1.2.3 highlighted the importance of considering �xed and
moving frames, spatial and temporal Fourier transforms, wave propagation in cables, re�ections and
transmissions at droppers and various discontinuities. This chapter thus focuses on enhancing this anal-
ysis to explain the different coincidence phenomena that lead to variations of dynamic response of the
coupled pantograph/catenary system.

Section 2.1 will thus deal with the dynamic response of the pantograph to a �xed rigid geometry
using a simple analytical model. In section 2.2, an analysis of wave propagations in the catenary using
a string model will be discussed and illustrated using mass drop tests and simulations. Section 2.3 will
present the consequences of these wave propagations on the contact force and will �nally resume all
identi�ed coincidences.

2.1 In�uence of geometry on pantograph-catenary interaction

The geometry of the catenary corresponds to the height of the CW along the catenary, which is
de�ned in the direction~x. Figure 2.1 shows an example of geometry along two spans. SA are indicated
by vertical solid lines and droppers by vertical dotted lines. The catenary section, used as illustration
for this section, is composed of fourteen 54m-length spans with a total length of1135m. The section is
chosen periodic so that this geometry can be characterized by its Fourier transform in the spatial domain,
HCW (k).

A pantograph is passing under the catenary at a speed ofvpanto . The pantograph sees the height
of the contact wire vary with a velocityVCW = ikH CW (k) in the Fourier domain with! the angular
frequency andk the wave number. Those frequencies are linked by the velocity of the pantographvpanto ,

! = vpanto � k: (2.1)

As illustrated by �gure 2.2, the base lumped mass pantograph model is a 3 mass/spring/damper
(mi ; di ; ki ) system linked to the contact wire by a contact stiffnesskc. To analyze the effect of geometry,
the wire is assumed to be fully rigid (�xed in its initial static position). The output wave velocities
generated in front and behind the pantograph, respectivelyVt+ ;panto andVt � ;panto are thus supposed
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Figure 2.1: Height of the contact wire along two spans

null. For the same reason, no waveVr in considered for now. The only output of the system is thus a
force due to geometryFgeom and the inputs are the mean forceF0 and the velocityVCW .

contact

m3

m2

m1

kc

d3 k3

d2 k2

d1 k1

Vt � ;panto Vt+ ;panto

Vr

F0

F1

F2

F3

Fgeom

VCW

Figure 2.2: Pantograph model with the contact wire

For each damper-string cell, the relation between force and velocity is given by

� Fj (! ) = � Vj (! ) �
�

dj +
kj

i!

�
(2.2)
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Equilibrium at the masses,m1, m2 andm3 give the system equations

2

4

2

4
m1 0 0
0 m2 0
0 0 m3

3

5 i! p +

2

4
d1 + d2 � d2 0

� d2 d2 + d3 � d3

0 � d3 d3

3

5 +

2

4
k1 + k2 � k2 0

� k2 k2 + k3 � k3

0 � k3 k3 + kc
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5 1
i!
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8
<

:
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9
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;
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4
F0

0
kc
i! � VCW;0

3

5 (2.3)

Fgeom, the contact force resulting from contact point motion on the geometry, is de�ned by

Fgeom(! ) =
kc

i!
(VCW (! ) � V3): (2.4)

DenotingA the left matrix in (2.3),A � 1 can be computed and expressions of outputs evaluated

V3(! ) = ( A � 1)3;1 � F0 + ( A � 1)3;3 �
kc

i!
VCW (! ) (2.5)

Fgeom(! ) =
kc

i!

�
1 � (A � 1)3;3 �

kc

i!

�
VCW (! ) +

kc

i!
(A � 1)3;1 � F0

= Zpanto VCW (! ) + Fm

= vpanto Zpanto VCW (k) + Fm (2.6)

As Fm is null for any! 6= 0 , Fgeom is mainly the product ofZpanto andVCW . Figure 2.3 shows
Zpanto against the temporal frequency! in the pantograph frame andVCW against the wave numberk.
The resulting forceFgeom is thus a convolution of these two spectra. The amplitude spectrum ofVCW

is clearly composed of a periodic part with a fundamental spatial frequencykspan de�ned by

kspan =
1

dspan
(2.7)

wheredspan is the length of one span, and a non periodic part at a signi�cantly lower level.
The Fgeom force can thus be displayed against time or spatial frequency and depends on velocity

vpanto . Figure 2.4 comparesFgeom to the Fourier transform of the dynamic contact force computed
for different values of pantograph velocity, which is normalized by the velocity of waves in the contact
wire, (see section 2.2)

v�;CW =

s
TCW

� CW

� =
vpanto

v�;CW

(2.8)

(2.9)

where� CW is the linear mass of the contact wire. It is clear that the peaks de�ned byVCW can be
observed inFc and the amplitudes are quite close. The in�uence ofZpanto is less clear, but can still
be observed as curves from top-left to bottom-right. To highlight this trend, the frequency of the anti-
resonance shown as a vertical dotted line in �gure 2.3 is used. Since the anti-resonance is �xed in
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Figure 2.3:Zpanto (left) andVCW (right)

frequency in the moving frame and a spatial frequency is used for the display, equation (2.1) leads to a
shifting spatial frequency which is overlaid as a dotted curve in 2.4.

Figure 2.4:Fgeom (left) andFc (right)

To go back to the time domain, the inverse Fourier transform ofFgeom(k) can be computed and
compared with simulations. Figure 2.5 shows this comparison for two different speeds, namely90km=h
and320km=h corresponding to� = 0 :1791and� = 0 :6367. The force variation induced directly by
the geometry of the catenary increases with speed and represents the main part of the20Hz-�ltered
contact force at high speed. For low speed, other phenomena such as waves re�ections may cause the
contact force to signi�cantly differ fromFgeom.
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Figure 2.5: Force induced by geometry (blue) and simulated dynamic contact force (red) for two
different velocities of the pantograph,90km=h (left) and320km=h (right)

When the contact force is observed at higher frequencies, for example using a70Hz low pass �lter
as often in this work, the similarity between the force due to geometryFgeom(x) and the dynamic
contact forceFc(x) is less clear.

In conclusion, the force due to geometry is a major contributor to low temporal frequency contact
force �uctuations particularly at high speeds. This provides an extremely fast meta-model of contact
force evolutions that could be used for pantograph or catenary design. This model is limited by the fact
that it does not represent wave propagation effects which will thus be analyzed in the next section.

2.2 Wave propagation, re�ection and transmission

The low frequency limitation of the effect of geometry can, in part, be attributed to wave propagation
in cables of the catenary. Such propagation is known to have a strong impact on pantograph-catenary
dynamic interaction [47, 46] and this section will analyse the issue.

Wave dispersion is the �rst characteristic of a wave guide. Figure 2.6 shows the vertical velocity of
the contact wire after a mass drop20m away from the sensor. Oscillations can be observed progressively
increasing before the step corresponding to the wave arrival at the sensor. These oscillations are an
experimental observation of wave dispersion and this will be detailed in section 2.2.1 by comparing
behaviour of the non-dispersive string and Euler-Bernoulli beam models.

As was illustrated in �gure 1.24, waves reaching a change (claw mass, dropper, SA, ...) are subject
to modi�cations. Re�ection and transmission coef�cients are thus computed and results are compared
with measurements and simulations for passages on mass in section 2.2.2, dropper in section 2.2.3 and
SA in section 2.2.4.

2.2.1 Wave propagation in wires and beams

Considering a beam of Young ModulusE , moment of inertiaI and linear mass� under an axial
load T, equations of motion for an unconstrained Euler-Bernoulli beam with tension are well known
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Figure 2.6: Dispersion of wave propagated observed after a mass drop20m away from the sensor

(for example [70],p.196) and take the form

EI
@4z
@x4

� T
@2z
@x2

+ �
@2z
@t2

= F; (2.10)

whereF is the external force applied on the beam.

With the string hypothesis, the bending moment is neglected and de�ning the velocity

c0 =

s
T
�

; (2.11)

the equation becomes
@2z
@t2

= c2
0

@2z
@x2

: (2.12)

This is known as a one-dimensional wave equation and the solution found by d'Alembert [71] takes
the form of two left and right going waves

z(x; t ) = z+

�
t �

x
c0

�
+ z�

�
t +

x
c0

�
: (2.13)

De�ning �( k; ! ) to be the space and time Fourier transform ofz(x; t ), with k the wave number and
! the angular frequency, the Fourier transform of equation (2.12) becomes

! 2�( k; ! ) = c2
0k2�( k; ! ); (2.14)

called a dispersion equation relating frequency and wave number. Thus, here

k = �
!
c0

; (2.15)
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implying that, for a string, the wave number is linearly linked to the angular frequency.
For the beam model, the dispersion equation (2.10) becomes

�
EIk 4 � �! 2 + Tk2�

�( k; ! ) = 0 (2.16)

In analyzing waves, quantities of interest are the phase velocityc� and the group velocitycg [71]
de�ned as 8

>>><

>>>:

c� =
!
k

=

s
T + EIk 2

�

cg =
@!
@k

=
EIk 2

p
�

p
T + EIk 2

+ c�

(2.17)

Applied to the catenary messenger wire, the group velocity was used to determine the bending
moment of the equivalent beam. Indeed, there is some doubt on the appropriate value as the messenger
is composed of multiple yarns shown in �gure 2.7left and wires where inter-yarn slipping is possible
will appear to have a lower bending moment [72] [73].

To characterize the group velocity, a mass drop is carried out on the full size catenary used to
characterize the damping. The vertical acceleration is observed20m away from the mass dropped,
on the messenger wire. The spectrogram of this signal gives the amplitude of its Fourier transform by
frequency and time bands. The wave form can thus be observed reaching the sensor at times that depend
on frequency. In �gure 2.7, this time scale has been replaced by a velocity scale dividing the distance to
the mass by the time. The group velocity at a given frequency is then be estimated by the maximum of
the spectrogram response.

Four possible models of the beam section were considered.

• the bending moment of the 37 yarns assumed non-slipping in the con�guration shown in �gure
2.7 represented by the red line in �gure 2.7,

• 37 times the bending moment of the center of one yarn (hypothesis of no friction), represented by
the cyan line,I y = 37

�
� d4

64

�
,

• bending moment of an equivalent circular section which has the surface of the sum of 37 yarns,

represented by the magenta line,I y = � (
p

37d)4

64 ,

• the bending moment of a full section taking into account the void, represented by the black line,
I y = � (7d)4

64

The red line on the right of �gure 2.7, which represents the model on the left with total friction, is
theoretically the maximum observable dispersion. As a higher dispersion is observed, the real bending
moment is higher, which can be explained by a con�guration with no sliding but a real repartition of
yarns that this less compact than the theoretical value shown in 2.7 left.

For low frequencies, the wires behave like strings. Figure 2.8 shows, as a function of frequency,
the relative error on phase velocity that is made under the string assumption for the contact wire and
messenger wire of the case studied. The error on wave velocity at100Hz is less than0:3%.

The pantograph-catenary dynamic interaction is currently studied until20Hz for European exper-
imental standards (EN50317), and thus, for modelling (EN50318) and thus possibly the string model
could be suf�cient.
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Figure 2.7: Messenger wire section composed of 37 years of diameterd = 1 :5mm (left) and ex-
perimental group wave velocity obtained from a spectrogram and theoretical values for four different
models of inertia (right)

Nevertheless, wave dispersion is non-negligible and can be easily observed for arriving trains or for
a mass drop as was shown in �gure 2.6.
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Figure 2.8: Error on phase velocity when making the string hypothesis compared to the Euler-Bernoulli beam
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2.2.2 Wave re�ection and transmission on a mass

m
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� 2

� 1 dx

dx dz2
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~T2

zi (x; t )

zr (x; t )

zt(x; t )

Figure 2.9: Wire of length2dx with a massm in x = 0

Starting with the string model, re�ection and transmission coef�cients can be computed when a

wave meets a mass. An incident wavezi (x; t ) propagates in a horizontal cable with a velocityc =
q

T
�

in the positive direction. When it reaches the point massm, a re�ected wavezr (x; t ) and a transmitted
wavezt (x; t ) are generated. These waves can be expressed as

8
>>>>>>>><

>>>>>>>>:

zi (x; t ) =
Z 1

�1

Z 1

�1
� i (k; ! )ei! (t � x=c) dk d!

zr (x; t ) =
Z 1

�1

Z 1

�1
� r (k; ! )ei! (t+ x=c) dk d!

zt (x; t ) =
Z 1

�1

Z 1

�1
� t (k; ! )ei! (t � x=c) dk d!

(2.18)

with � i (k; ! ), � t (k; ! ), � i (r; ! ) the double Fourier transform (in space and time) of the vertical dis-
placement of the incident, transmitted and re�ected waves respectively.

Newton's second law applied on the mass gives

� T
@zi
@x

�
�
�
�
x=0 �

� T
@zr
@x

�
�
�
�
x=0 �

+ T
@zt
@x

�
�
�
�
x=0 +

= m
d2zm

dt2 : (2.19)

whereT @z
@xrepresents the shear force. This leads, using equations (2.18), to

T
c

(� i (k; ! ) � � r (k; ! ) � � t (k; ! )) = i!m � t (k; ! ): (2.20)

Continuity of displacement atx = 0 gives

� i (k; ! ) + � r (k; ! ) = � t (k; ! ): (2.21)

ReplacingT
c by

p
�T using (2.11), the system of equation determined by equations (2.20) and
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(2.21) is thus 2

4 1 1 +
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5
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�
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�
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(2.22)

which leads to the analytical expression of re�ection and transmission coef�cients
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Figure 2.10 shows examples of re�ection and transmission coef�cients for masses of200g, corre-
sponding to the mass of the claw linking the dropper with the contact wire, and1kg which is approx-
imately the mass of a junction claw used to locally reinforce damaged contact wires. In the frequency
range commonly studied, these mass have almost no effect. The impact of a junction mass on wave
re�ection should only be taken into account if the frequency range analysed is over20Hz.
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Figure 2.10: Coef�cients of re�ection (blue) and transmission (red) for masses of200g (solid) and1kg (dashed)

This analytical result can be compared with simulation and measurement. A mass drop on the
contact wire has been performed for the con�guration shown in �gure 1.21 (bottom left). A mass of
20kg is dropped at position1 and is re�ected on a mass of9:6kg. Figure 2.11 left shows the vertical
velocity 5m away from the mass measured without (blue) and with (red) the added mass and simulated
without (yellow) and with (purple) added mass. The delay observed on the measurement where the
wave re�ection is supposed to appear, att = 15s is partially due to the uncertainty on the exact distance
between the sensor and the mass.

On the right, the difference between tests is shown in blue and between simulations in red. The
�gure further shows, in yellow, the analytical value of the re�ection to a step of amplitude0:65m=s
obtained by inverse Fourier transform of (2.23).

The oscillations before0:15s, correspond to high-frequency re�ected waves which are quicker due
to dispersion. Their amplitude is high for simulation, which is consistent with the fact that almost
all the high frequency waves are re�ected. The result is less clear on the test, which needs a clear
explanation. Figure 2.12 shows the simulations for a mass directly attached to the wire (blue) and for
a mass attached by a spring of stiffnessk = 15kN:m which leads to a frequency mode of40Hz. It
is clear that the stiffness of the rope used to attach the mass explains the difference between simulation
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Figure 2.11: Vertical velocity of the CW5m away from a mass of9:6kg with and without mass,
simulated and measured (left) after a drop of a20:2kg-mass. Comparison of the measured, simulated
and analytical wave re�ected (right).

and measurement. This also explains the delay observed on the red curve of �gure 2.11 left.

The amplitude of vertical velocity before (< 15ms) and after (> 0:25ms) the passage of the wave
are the same. This is easily related to the fact that no re�ection exists at the frequency of0Hz.
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Figure 2.12: Simulation of wave re�ection on a mass of9:6kg directly linked to the wire (blue) and
linked with a rope of stiffnessk = 15kN:m (red)

Simulations, tests and analytical model have thus been demonstrated to be consistent. If the Euler-
Bernoulli beam model had been used in equation (2.19), the analytical result would have been identical
to the simulations. The string model does not represent the dispersive behavior and this has a signi�cant
amplitude compared to the main wave amplitude.
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2.2.3 Wave re�ection and transmission on a dropper

The dropper is the only link between contact and messenger wires. A wave denoted� i (k; ! ) prop-
agating in the contact wire thus generates a re�ected wave� r and three transmitted waves shown in
�gure 2.13.

mMW

mCW

� t � ;MW � t+ ;MW

� i

� r

� t+ ;CW

d k

� Fdrop

Fdrop

Figure 2.13: Dropper with an incident wave in the contact wire, represented by� i , generating 3
transmitted waves, one re�ected wave and a force in the dropper

Equilibrium atmCW andmMW gives equations,
8
>><

>>:

TCW

cCW
[� i � � r � � t+ ;CW ] � Fdrop = i!m CW � t+ ;CW

TMW

cMW
[� � t � ;MW � � t+ ;MW ] + Fdrop = i!m MW � t+ ;MW :

(2.24)

Continuity of displacement atmCW andmMW gives two more equations,

8
<

:

� i + � r = � t+ ;CW

� t � ;MW = � t+ ;MW :
(2.25)

and the impedance de�nition of the dropper gives the last equation

Fdrop = [� mMW � � mCW ] (d +
k
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) (2.26)

The system can be rewritten in matrix form as
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which, once inverted gives
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(2.28)

whereTCW;MW is the coef�cient of transmission from the contact wire to the messenger wire andRCW

is the coef�cient of re�ection of the wave in the contact wire re�ected on the dropper. The same work
can be done for an incident wave coming from the messenger wire leading to three other coef�cients
RMW , TMW toCW andTMW toMW .

Figure 2.14 shows the absolute value of these coef�cients for the nominal con�guration. Their vari-
ation with frequency is light and for this particular case, the waves are more transmitted than re�ected.
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Figure 2.14: Coef�cients of re�ection and transmission for an incident wave in the contact wire

Figures 2.15 and 2.16 show these re�ection/transmission coef�cients with variations on each param-
eters. The mechanical tensions are the only parameters that modify low frequencies. Changing tension
implies changing waves velocities and in the case shown,TCW = 20kN andTMW = 14kN , which
lead tocCW = 122m=s andcMW = 152m=s. The coef�cients at frequency of0Hz can be written as

Tdrop;CW toCW (! = 0) = Tdrop;CW toMW (0) = � Rdrop;MW (0) =

TCW

cCW
TCW

cCW
+

TMW

cMW

Tdrop;MW toMW (! = 0) = Tdrop;MW toCW (0) = � Rdrop;CW (0) =

TMW

cMW
TMW

cMW
+

TCW

cCW

(2.29)

(2.30)

For the catenary on which tests were made, a wave generated in the contact wire is lightly re�ected
and mainly keeps propagating while generating two waves in the messenger wire of amplitude equal
to the transmitted wave. Once in the messenger wire, the wave is mainly re�ected at dropper and less
transmitted to the three other parts. A wave in the MW is thus more likely to be trapped between
droppers than transferred to the CW.
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Figure 2.15: Coef�cients of re�ection and transmission for an incident wave in the CW with variation
of different parameters

But in usual catenary designs,TCW
cCW

is close toTMW
cMW

, which leads all the coef�cients to have values
around0:5 and an equipartition of waves in MW and CW. The impact of this repartition is not clear. For
the rest of the study, the transmission coef�cient at zero frequency

a =

TCW

cCW
TCW

cCW
+

TMW

cMW

(2.31)

is introduced to quantify wave repartition.

The proposed analytical model can be used to analyze tests and simulations. For example, in the
test con�guration of �gure 1.21 top, for a mass of40:6kg dropped at position3 the velocity observed at
sensor1 is shown in �gure 2.17. Vertical lines indicate the times at which wave propagated and re�ected
reach the sensor. The dashed line is for the wave propagated and re�ected in the CW, the dotted line is
for the wave propagated and re�ected in the MW and the dash-dotted line is for the wave propagated in
the MW and transmitted to the CW.
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Figure 2.16: Coef�cients of re�ection and transmission for an incident wave in the MW with variation
of different parameters

0 0:1 0:2
0

0:5

1

Time [s]

Ve
lo

ci
ty

[m
/s

]

FEM
Test

Figure 2.17: Simulation and measurement of vertical velocity

The combination of all waves makes the signal dif�cult to interpret. Simulations are thus used to
decompose this signal and compare results with the analytical model.

First, a simulation of a mass drop of20:2kg at position1 on the CW of the FEM A shown in �gure
2.18 without dropper is done. The vertical velocity step and the following wave re�ectedrdrop;CW (t)
on the dropper of the left is shown in �gure 2.19 top with solid lines. The wave transmitted to the MW
tdrop;CW toMW (t) and observed at position2 is shown in dashed line.tdrop;CW toMW is observed before
rdrop;CW becausecMW > c CW .

The second simulation is a mass drop on the MW at position2 on the same FEM A. The mass
needed to have the same step level has to be changed considering the dynamic impedance of the wire
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and thus multiplied byTMW =cMW
TCW =cCW

, which gives a mass of11:4kg. The vertical velocity step and the
following wave re�ectedrdrop;MW on the left dropper is shown in �gure 2.19 bottom using solid lines.
The wave transmitted to the CWtdrop;MW toCW and observed at1 is shown using dashed line.

Figure 2.18: FEM A without (left) and FEM B (right) with dropper linking 1 to 2

The last simulation is a mass equal to the sum of masses dropped previously, namely31:6kg dropped
at position1 on FEM B in which there is a dropper linking1 and2. The signal observed at1 is compared
in �gure 2.20 to the sum of waves observed in CW and MW , weighted by coef�cients determined in
(2.29) for the sake of simplicity

(rCW + tdrop;MW toCW )a + ( rMW + tdrop;CW toMW )(1 � a): (2.32)
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Figure 2.20: Comparison between the sum of the transmitted/re�ected waves computed using FEM A
(blue), using FEM B (yellow) and analytically computed (red)

77



Dynamic properties of catenaries and pantographs Chapter 2

0 5 � 10� 2 0:1 0:15
0

0:2

0:4

0:6

Time [s]

Ve
lo

ci
ty

[m
/s

]

i + rdrop,CWFEM A
i + rdrop,CWAnalytic
tdrop,CWtoMWFEM A
tdrop,CWtoMWAnalytic

0 5 � 10� 2 0:1 0:15
0

0:2

0:4

0:6

0:8

Time [s]

Ve
lo

ci
ty

[m
/s

]

i + rdrop,MW FEM A
i + rdrop,MW Analytic
tdrop,MWtoCWFEM A
tdrop,MWtoCWAnalytic

Figure 2.19: Analytical and simulated wave re�ections and transmissions

The mean level of vertical velocity does not change around the vertical lines of �gure 2.17 because
of the compensation of waves transmitted and re�ected in CW and MW. The small oscillations observed
are due to the difference of wave velocities in cables. These oscillations are thus minimized if the
velocities in cables are equal,cCW = cMW , which is the case for French V350 type catenaries. The
proposed model is thus helpful in analyzing the in�uence of droppers in wave propagation within the
catenary.

2.2.4 Wave behavior around the mast

The passage of the pantograph at the position of the mast is known to be the source of current
collection issues with frequent arcing. At this position, the MW is linked to the mast as shown in �gure
1.5 center and the CW is connected to the SA.

In OSCAR, the MW is linked to the mast by a ball joint link, authorizing rotation in the transversal
and vertical axis of the MW. Vertical displacement is thus not possible and the incident waves reaching
this link are fully re�ected using a string model and nearly fully in the beam case.

The SA shown in �gure 2.21 is an elbow arm used in traction to apply a stagger to the CW. The SA
is not exactly horizontal and the part attached to the registration arm, as shown in �gure 1.1, is around
20cm higher than the contact wire. The arm is however articulated which gives a very low stiffness in
the radial direction and induces a light coupling between vertical and horizontal directions.

Figure 2.22 illustrates these waves for a mass drop and con�rms that the MW wave is fully re�ected,
while the re�ection due to the SA is negligible.

The wave in the CW that has not been re�ected by the SA is re�ected later on the �rst dropper of
the following span. This time, as there is no wave transmitted in the MW after the mast, there is neither
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Figure 2.22: Re�ections against a mast in the MW (blue) and against a SA in the CW (red) after a mass drop

tdrop;MW toCW nor tdrop;CW toMW rdrop;MW on the right side.
For a mass dropped at the last dropper, corresponding to position1 of �gure 2.23 left, the wave

rmast;MW generates a new wave on the opposite side which is also re�ected on the mast. This wave
reaches the dropper beforerdrop;CW .

The velocity level after these three re�ections, once normalized by the level of the step is equal to1
minus the level of the three waves, which gives

2a2 � a: (2.33)

In our case,a = 0 :64which leads to a level of0:1m=s for a step of0:6m=s.
An intuitive assumption is that the function (2.33) should be maximized. If that is the case,a should

be maximized, which means for example minimizingTMW
cMW

, while keepingcMW constant (for dropper
wave equilibrium). As

cMW =

s
TMW

� MW
; (2.34)

one has
TMW
cMW

=
p

� MW TMW (2.35)

thusmuMW andTMW should be reduced simultaneously, or equivalently,muCW andTCW increased
simultaneously.
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Figure 2.23: Simulation con�guration (left), comparison between FEM and analytic model of a mass
dropped under the last dropper of a span (right)

Figure 2.24 shows the comparison of the nominal simulation in blue with simulation for linear mass
and tension of the MW both reduced by33%. Variations of contact force are signi�cantly reduced and
the usual criterion�=F m drops from0:41 to 0:35 at 70Hz. This simple illustration demonstrates the
usefulness of the proposed interpretations in �nding design strategies.
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Figure 2.24: Impact of a reduction of the messenger wire impedance by33%keeping the same wave
velocity cMW on a70Hz-�ltered contact force

2.3 Characteristic times and frequencies

In section 1.2.3, it has been seen that the contact force is a periodic signal that is composed of
multiple phenomena. Sections 2.1 and 2.2 have developed the in�uence of the geometry on the contact
force and of wave propagation, transmission and re�ection on the catenary dynamics. In this section,

80



Section 2.3 Characteristic times and frequencies

both of these phenomena will be analysed through dynamic simulations in addition to the effects of
catenary modes and other speci�c coincidences. Section 2.3.1 details the modal response of the catenary.
Then, the phenomena observed in different frames are detailed. Section 2.3.2 addresses the �xed frame
of the catenary and section 2.3.3 the moving frame of the pantograph. Finally, section 2.3.4 discusses
other possible coincidences and section 2.3.5 details the case of two pantographs.

2.3.1 Catenary modes

To analyse catenary modes, an SNCF catenary type V350 composed of 54m-length spans is consid-
ered here. The waves inside the wires have approximately the same velocity. The pantograph velocity
is thus normalized by that of the wires,

� =
vpanto

cCW
�

vpanto

cMW
: (2.36)

Simulations were led for a pantograph running over3000m even if the catenary is only1100m long
so that the frequency resolution is increased in the Fourier domain. The impact of pantograph is thus
reduced and the free response of the catenary is more pronounced.

To visualize modes, a range of speeds between90km=h and320km=h is considered. On the map
displayed in �gure 1.19, the �rst obvious lines observed are those which do not change with pantograph
velocityvpanto and are thus vertical in the temporal Fourier domain. These lines correspond to the modal
frequencies of the catenary. Figure 2.25 shows the frequency lines for the �rst two groups of modes,
under3Hz. As the inter-span coupling is limited each group tends correspond to a well identi�ed mode
of a given span. There are thus as many modes in the �rst group under1:5Hz as spans in the catenary
section. The same thing holds for the second group and so on. At higher frequencies, coupling increases
so that the group spread is larger and one tends to have overlap of different groups.

Figure 2.25: Amplitude of vertical velocity of the contact wire in the temporal Fourier domain as a
function of� with catenary modes indicated as vertical lines

Section 2.2 illustrated that the in�uence of the messenger wire properties can be dissociated into
two relevant parameters: the dynamic impedance

p
� MW TMW and the wave velocitycMW . Variations

of cMW were considered while keeping constant the dynamic impedance by changing the MW section.
Figure 2.26 shows the catenary modes computed on a full catenary (left) and on a54m span (right).

Modes that quickly change withcMW correspond to horizontal modes of the messenger wire. The
horizontal stiffness of droppers being close to zero, these modes have very little coupling with the CW

81



Dynamic properties of catenaries and pantographs Chapter 2

leading to the high sensitivity tocMW . The frequency spread of the band is very thin showing that these
modes are nearly independent between spans. Modes that stay stable are the horizontal modes of the
contact wire. Once again, the bandwidth is thin showing that the horizontal stiffness induced by steady
arms makes spans independent for these modes.

The last type of mode groups corresponds to vertical modes coupling CW and MW. The frequency
spread indicates that spans are coupled and the intermediate sensitivity tocMW indicates that the energy
is balanced between the CW and MW. These vertical modes are those excited by pantograph motion
and visible in �gure 2.25. Important modes are thus dependent velocities in both the CW and MW. The
value currently thought to be relevant is the mean(cCW + cMW )=2. This conclusion is comforted by
results obtained in section 5.3. In the following, the normalised velocity will thus be de�ned as

� =
2vpanto

cCW + cMW
(2.37)
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Figure 2.26: Frequency modes computed for a full catenary (left) and one54m-length span (right) as
a function ofcMW

2.3.2 Coincidences in the �xed frame

Section 2.1 illustrated that the contact force due to the catenary geometry is mostly spatially periodic
with a fundamental spatial frequency corresponding to the span lengthdspan . At each peak of force, a
wave is generated. Supposing this wave is, for the sake of simplicity, generated at the SA att1;0, if the
vertical velocity of the catenary is observed later atxobs as shown on �gure 2.27, the wave reaches the
observation point with the delay

t1 � t1;0 =
d1

cCW
: (2.38)
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When the pantograph reaches the next SA at

t2;0 = t1;0 +
dspan

vpanto
; (2.39)

it generates another wave which reachesxobs placed at a distanced1 � dspan to the dropper after a delay

t2 � t2;0 =
d1 � dspan

cCW
: (2.40)

t1;0: wave creation at SA 1

xobs

Pantograph position att = t1;0

d1

t2;0: wave creation at SA 2

xobs

Pantograph position att = t2;0

d2

dspan

Figure 2.27: Wave propagation illustration, view from catenary

The same analysis can be done forxobs placed before the pantograph. The characteristic periodicity
of wave propagated by successive dropper passage regularly distant ofdspan is thus

t2 � t1 = dspan

�
1

vpanto
�

1
cCW

�
=

dspan

vpanto
(1 � � ) (2.41)

with "� " whenxobs is after the pantograph and "+ " whenxobs is behind.

To illustrate these characteristic times, �gure 2.28 right shows the uplift induced by the waves
generated by the pantograph passing successive steady arms. These times are marked with red dashed
lines. The left �gure shows a map of the velocity of uplift for each position of the catenary against
time. The black solid line indicates the pantograph position, the red dashed lines highlight the waves
generated by the pantograph when it passes under a steady arm and the black dotted line indicates the
position of the point observed on the right �gure.

As the generated signal is periodic, its Fourier transform will be composed of all harmonics of the
base frequency

1
t2 � t1

: (2.42)

Thus,

f wave;cat; � =
n � vpanto

dspan(1 � � )
8n 2 N� (2.43)
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Figure 2.28: Map of velocity of uplift along the catenary against time (left) and Uplift of the catenary
at a positionx = 247:5m (right)

Introducingkspan = 1=dspan �rst de�ned in (2.7) leads, in the spatial frequency domain, to

kwave;cat; � =
n

1 + �
kspan 8n 2 N� (2.44)

Figure 2.29 shows these frequencies on map of amplitudes of vertical wire velocities a function of
frequency and train velocity. Analytical de�nitions of the harmonics, shown as black curves, clearly
coincide with areas of higher amplitude in the spectra. The network of harmonics is particularly clear
when it coincides with modal groups of the catenary.

Figure 2.29: Amplitude of vertical velocity of the contact wire in the spatial Fourier domain as a
function of� with black curves representingkwave;cat; + (left) andkwave;cat; � (right)
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2.3.3 Coincidences in the moving Frame

t0: wave creation

1st wave re�ection

Pantograph position att = t0

d1

t1: wave re�ected on1st mast reached the pantograph

Pantograph position att = t1

ds

2nd wave re�ection

ds

2ds � d1

d2

t2: wave re�ected on2nd mast reached the pantograph

Pantograph position att = t2

4ds � d2

Figure 2.30: Wave propagation illustration, view from pantograph

From the pantograph point of view, the characteristic times are described in �gure 2.30 when the
pantograph moves under a periodic pro�le of spatial periodds. At t0, the pantograph passes under
a change (SA or dropper) and generates a wave which re�ects on the next change and reaches the
pantograph att1 after the pantograph has moved of a distanced1.

t1 � t0 =
2ds � d1

cCW
=

d1

vpanto
(2.45)

From this equation, the distanced1 can be computed as

d1 = 2ds
beta

1 � �
(2.46)

and a characteristic spatial frequency can be de�ned as

kwave;panto; � =
1 � �

2�
ks (2.47)

with ks = 1=ds.

The part of the wave which is not re�ected and keeps propagating is also partially re�ected on the
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next dropper and reaches the pantograph at the timet2 after the pantograph has moved of a distanced1.

t2 � t0 =
4ds � d2

cCW
=

d2

vpanto
(2.48)

The same analysis can be performed for a wave propagating behind the pantograph. The char-
acteristic periodicity of successive wave re�ections on droppers from the pantograph point of view is
thus

t2 � t1 =
2ds

cCW � vpanto
=

2ds

cCW (1 � � )
(2.49)

with "+ " when propagating on the front side and "� " when propagating behind, which leads to the same
characteristic frequency de�ned in (2.47).

Two kinds of re�ections have been observed at two different scales. The �rst one is the span scale,
which is the largest in spatial domain and the smallest in the spatial frequency domain. This is thus
the fundamental frequency observed. The second one is the dropper scale, which is the smallest in the
spatial domain and thus the one observed here after. All these distances are multiples of2:25m, so that
harmonics will coincide.

Figure 2.31 shows the contact force simulated along one span for a range of pantograph velocities.
This velocity is normalised bycCW using� . The black lines indicate mast positions, grey lines indicate
dropper positions and red curves indicate the position where the pantograph is supposed to meet the
wave generated at passage under the previous dropper and re�ected on the next dropper. For higher� ,
the point where the pantograph meets the re�ection gets closer to the next dropper.

On this �gure, a change of behaviour can be observed around� = 0 :33. This corresponds to the
pantograph speedvpanto after which the backward wave shown in �gure 2.30 meets the pantograph in
a different span. At that particular velocity, the backward wave re�ection meets the pantograph exactly
after this span.

Figure 2.31: Contact force along one span as a function of�

Visualizing the relevance of characteristic times does not imply knowledge of where maxima occur.
The contact force is highly dependent on the catenary geometry as explained in section 2.1 and �gure
2.31 shows that the maxima of contact force are not placed under droppers. The approximation ofFc
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by Fgeom displayed in �gures 2.5 and 2.4 showed that the amplitudes of Fourier transforms are easier to
compare than spatial signals. Characteristic times are thus converted to characteristic spatial frequencies
and the distancedspan is replaced by all the spatial frequencies of peaks ofVCW shown in �gure 2.3.
These frequencies are multiples of the span spatial frequency,kspan = 1=dspan and wave frequencies
can be de�ned as

kwave;panto; � =
1 � �

�
n
2

kspan 8n 2 N� (2.50)

Figure 2.32 shows an amplitude map of vertical velocity of the contact wire in the spatial Fourier
domain as a function of� and the curves corresponding tof wave;panto; + on the left andf wave;panto; � on
the right. These frequencies appear clearly only for low frequency and low� .

Figure 2.32: Amplitude of the contact forceFc in the spatial Fourier domain as a function of� with
black curves representingkwave;panto; + (left) andkwave;panto; � (right)

2.3.4 Other coincidences

The amplitude of the �rst vertical line of the contact force amplitude spectrum shown in �gure 2.32
increases with� in the same way asFgeom determined in section 2.1 but with small variations around.
These variations are clearer if the phase of this fundamental frequency is compared to that ofFgeom as
shown in �gure 2.33.

The notable phase gap for� < 0:33 corresponds to low velocity domain where waves re�ected
successively on two spans meet the pantograph in the same span as shown with �gure 2.31. It is also
the velocity under which re�ections of waves generated backward the pantograph reach the pantograph
in the same span.

The peak at� = 0 :4 correspond to the particular pantograph velocityvpanto at which the span
passage temporal frequencyf span = kspan � vpanto coincides with the �rst group of vertical catenary
modes around1Hz (1 span simply supported bending). In our case,kspan = 1=54m� 1 and the span
passage frequency is equal to1Hz for vpanto = 54m=s, which gives, forcCW = cMW = 138m=s,
� = 0 :4.

At velocities where the phase is higher, it is observed that the contact force amplitude is lower.
The maxima observed in the phase can thus be better operating points than minima. In other words,
current collection quality can be expected to be better if the pantograph meets the re�ected waves under
droppers.
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Figure 2.33: Phase of contact force of the fundamental spatial frequencykspan as a function of�

2.3.5 Multi-pantograph con�gurations

High speed trains are often composed of two train sets and are thus equipped with two pantographs
collecting current simultaneously. The current collection quality of the second pantograph strongly
depends on the dynamic state of the catenary after the passage of the �rst pantograph. It is thus highly
sensitive to the distance between pantographs,dpanto . The usual distancedpanto is of 200m, the length
of a train set.

Figure 2.34 shows the current collection quality criterion�=F m as a function of distancedpanto and
normalized velocity� = vpanto

cCW
. This criterion shows oscillations withdpanto and the period of these

oscillations increases non-regularly with� .

Figure 2.34:�=F m of the trailing pantograph as a function of� anddpanto

The variation with� of the periodic oscillations alongdpanto shows that the phenomenon is not due
to geometry, otherwise it would not depend on� . Catenary vibration modes are thus assumed to be
the cause. It has been seen in �gure 2.25 that modes are grouped. Figure 2.35 shows a mode of the
�rst group where the �rst span bending mode (highest amplitude at mid-span an low level on edges) is
observed at every span with a different amplitude due to the span coupling.
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Figure 2.35: Third vibration mode of the catenary section

Denoting the modal frequenciesf modes, the spatial perioddmodes can be de�ned as

dmodes =
vpanto

f modes
: (2.51)

Figure 2.36 shows the evolution of multiples ofdmodes for the �rst group of modes as a function of
� compared to the map of the dynamic criterion normalized for each� in order to highlight low velocity
behavior. Vertical displacement of the contact wire is higher for the �rst group of modes. Furthermore,
all maxima of�=F m are approximately placed inside the bands de�ned bydmodes even if noticeable
variations are observed inside these bands.

Figure 2.36:�=F m of the trailing pantograph as a function of� anddpanto

Figure 2.37 shows the amplitude of the catenary vertical displacement spectrum on the left and a
zoom on frequencies around1Hz. The �rst peak slightly changes with� . For � increasing between
0:4 and0:6, the frequency increases and thus distancedmodes decreases, which is consistent with ob-
servations in �gure 2.36. Evolution of the frequency as a function of� is due to the coupling with the
pantograph, changing dynamic properties of the full system.
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Figure 2.37: Amplitude of the spectrum of vertical displacement of one CW point as a function of�

Figure 2.38 (left) shows the vertical velocity of one �x point of the catenary as a function of� and of
the distance between the pantograph and the observation point, for simulations led with one pantograph
only. On the left, the map observed previously is shown again as a comparison. It is clear that the current
collection quality of the trailing pantograph is closely linked with the catenary vertical velocity seen by
the trailing pantograph. When this velocity is at its maximum, the current collection is better.

Figure 2.38: Vertical velocity of the CW as a function of� and of the distance between the pantograph
and the observation point (left),�=F m of the trailing pantograph as a function of� anddpanto

The distancedpanto can be optimised for a given catenary and a given speed. A periodic catenary
induces a tighter band of �rst frequency modes and thus ampli�es the phenomenon. On the contrary, if
the objective of the catenary is to be adapted for any train speed and any distancedpanto , the periodicity
of the catenary at the scale of spans has to be broken. The current collection quality of the trailing
pantograph would thus be less variable with speed anddpanto .

2.3.6 Summary of coincidences

The dynamic interaction between the pantograph and the catenary has been shown to depend on
multiple components. This section thus provides a summary of the main factors.

The static geometry of the catenary generates force �uctuations at harmonics of the span length

kn =
n

dspan
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In this �xed frame, spatial and temporal frequencies are related by! = vpanto k so that the geometry
excites temporal frequencies

f n =
nvpanto

dspan

The pantograph resonances de�ned in 2.1 are de�ned in the temporal frequency domain linked with
the moving frame and thus change in spatial frequency.

For an observation in the �xed catenary frame, waves generated by the moving pantograph with
a geometric period ofdspan generate harmonics at frequencies corresponding to characteristic times
detailed in 2.3.2. The frequencies of those harmonics are

kn =
n

(1 � beta)dspan

In the moving frame, re�ections on the �xed features of the catenary generate variations of panto-
graph states or uplift at contact location containing strong components at spatial harmonics

kn =
n(1 � � )
2�d span

A notable transition occurs when waves generated backward are no longer fast enough for their
re�ection to reach the pantograph within the same span. This transition to high speeds was illustrated in
section 2.3.4.

Catenary modes generate excitations at frequenciesf mode and wave numberskmode = f mode=vpanto

in the �xed frame. Seen from the pantograph the frequency of these modes should appears shifted even
though this was not illustrated.

In the case of multi-pantographs, �gure 2.38 showed that the emphasis of the rear pantograph with
the vertical velocity of a �xed point of the catenary, which is directly linked tof mode, had a signi�cant
in�uence on the current collection quality of the rear pantograph.
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Chapter 3

Epistemic uncertainties

This chapter deals with epistemic uncertainties that can be reduced using measurements or parametric
studies. Section 3.1 addresses the contact model and it is shown that a contact stiffness derived from
Hertz theory gives a coherent value. In section 3.2, tests are carried out and used to calibrate the catenary
damping in a frequency range as large as possible using different damping models. Finally, section 3.3
tackles the convergence problem linked with element size.

3.1 Contact Stiffness

Contact between surfaces generate stresses that control the penetration. At the macro-scale, contact
can be idealized and the mathematically simple Signorini model is typically used. This model states
that the gap can only be positive and that for zero gap surface forces can develop. This model typically
ignores local details associated with asperities or local deformation. Hertz contact theory considers
that the area affected by local deformation is small compared to the dimensions of interest and thus
introduces a contact stiffness to represent small scale deformations compatible with the Signorini model.

In pantograph catenary interaction, the area of friction band graphite in contact with the contact
wire is small and a higher scale model is desired. Assuming that contact of two cross cylinders, Hertz
contact theory [74, 75] gives a contact stiffness

kc = 2aE � (3.1)

with a, the radius of the contact surface assumed to be circular, andE � = E
1� � 2 the reduced modulus

of the less rigid material (here graphite). The radiusa can be computed from the measured surface of
contact which evaluated in [76] to12mm2 in static conditions for a mean force applied equal to90N
and leads toa = 2mm. The contact surface is indeed dependent on the contact force and the hypothesis
that this surface is constant allows to linearise the contact stiffness.

For E = 30GPa Young's modulus of graphite and� = 0 :23 the Poisson ratio, the maximum
value ofkc obtained iskc;max = 6MN=m . This theoretical value is however never reached due to
roughness of interfaces [5] and a lower boundary ofkc is a third of that found with Hertz theory,kc;min =
2MN=m .

In numerical simulations, the upper bound given by Hertz theory might be too high and be pushed to
in�nity, thus leading to the use of Lagrange multipliers to verify Signorini's assumption. It is also possi-
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ble to simplify Hertz contact by introducing a linearised contact stiffness, which can then be seen as the
numerical trick of penalization [77], but in that case, this contact stiffness has a physical interpretation
that could be studied if measurements were available.

The total impedance of the pantographZpanto , including the contact stiffness, has been computed in
section 2.1. Figure 3.1 showsZpanto for different values ofkc. It appears that the highest peaks inZpanto

and thus in contact force due to geometryFgeom are due to this contact stiffness. The frequency value

of this resonance can be approximated by
q

kc
m3

wherem3 is the upper mass of the pantograph model
described in �gure 1.12. For the massm3 chosen here, the pantograph/catenary simulations standard
[34] gives a valuekc = 50kN , which, for frequencies around20Hz, increases the amplitude ofZpanto

and thusFgeom, which may not be realistic.

10 20 30 40 50 60

4

6

8

10

Frequency [Hz]

lo
g(

jZ
pa

nt
oj)

[N
.s

/m
]

kc=50kN/m
kc=300kN/m
kc=+1

Figure 3.1: Impact of the contact stiffnesskc onZpanto
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Figure 3.2: Impact of the contact stiffnesskc on70Hz-�ltered contact forceFc

Figure 3.2 shows the70Hz-�ltered contact force for three different values ofkc. Since they are all
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signi�cantly different, determining the value ofkc is thus critical.

A parametric study on stiffnesskc has thus been led. Figure 3.3 left shows the evolution of contact
loss as a function ofkc. The value is always increasing thus showing a need to properly evaluate the
contact stiffness. The result is however based on non-�ltered simulated contact force, which in this case
corresponds to a frequency of880Hz. Figure 3.3 right shows the coef�cient of variation�=F m of the
70Hz-�ltered contact force. This quantity shows a local maximum forkc around300kN=m. This is
consistent with �gure 3.1, on the frequency range of[0� 70]Hz, if the value ofkc is too low, it acts as a
low-pass �lter for a large part of the frequency band, and ifkc = 300kN=m, the area under the curve of
Zpanto is maximum (red curve is always over the yellow curve on the frequency range observed), which
leads to a higher variance ofFc. Finally, the fast increase above6MN=m can probably be associated
with numerical problems.
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Figure 3.3: Proportion of contact loss of the raw contact force (left) and coef�cient of variation of the
70Hz-�ltered contact force (right) as a function ofkc

The most realistic approach to characterize the contact stiffness is to measure the contact resonance
as considered in [5] but its value strongly depends on the contact load. Without any information about
this contact resonance frequency, the value ofkc should be chosen high enough to reduce its effect on
contact force in the targeted frequency band and low enough to avoid convergence issues such as those
observed for values ofkc higher than5MN=m . Any value ofkc between1MN=m and4MN=m are
thus good and in the realistic range of Hertz theory. Nevertheless, a heavier the massm3 will lower
the contact resonance frequency. Ifkc = 2MN=m , for an upper massm3 = 4 :25kg, the resonance is
observed at110Hz and for a heavy upper frame ofm3 = 7 :5kg, this frequency drops to85Hz. The
contact resonance is thus close to the �rst bending mode of the pantograph that has been measured in the
same frequency range [58]. Figure 3.4 shows the amplitude spectrum of an un�ltered raw measurement
of contact force. A signi�cant amount of energy is located around the93Hz frequency thus due to either
�rst bending mode of the bow, or contact resonance. Consequently, interpretation of contact force at
frequencies over70Hz should take into account these local �exibilities.
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Figure 3.4: Amplitude spectrum of measured contact force

In practice, a value ofkc = 2MN=m avoids convergence issues and, for the range of existingm3,
simulations are not perturbed by the contact resonance if the contact force is low-pass �ltered at70Hz.

3.2 Damping characterization

The damping calibration used in most studies is based on dynamic measurements of pantograph-
catenary interaction. It is thus dif�cult to separate the effects of the pantograph from those of the
catenary. Damping is thus commonly used to tune the simulation in order to be as close as possible to
the dynamic measurement, which is supposed to be used for validation. A recent benchmark [4] has
concluded on the importance of the damping model in the contact forces computed by the numerical
models. Moreover, tuning models by tweaking the damping ratio can potentially hide other modelling
errors.

The effort described in this section was thus to build the damping model with experimental mea-
surements of the catenary alone. Section 3.2.1 describes mass drop experiments on a full scale catenary
that were performed in Vaires sur Marnes in 2014. From these measurements, identi�cation is used to
estimate modal damping in various frequency bands as detailed in section 3.2.2. Three different damp-
ing models are then compared in section 3.2.3. Droppers and steady arm contributions are addressed in
sections 3.2.4 and 3.2.5 respectively. Finally, section 3.2.6 evaluates the impact of the damping change
on a typical pantograph-catenary dynamic simulation.

3.2.1 Experiment

The objective of this section is to detail experiment conditions and check the quality of measure-
ments.

The tests have been performed on a SNCF catenary design of type V300. The height of the contact
wire under steady arms has been �xed to1:8m, which allows easier access to the structure. The catenary
has never been electri�ed and except masts and messenger wire, all the catenary has been renewed for
these tests. Four tri-axial accelerometers were installed under droppers on the contact wire or over
droppers on the messenger wire.

Excitation was obtained by dropping masses attached to the contact or messenger wires. Multiple
mass and sensor con�gurations, as well as tensions were considered in the test campaign. An overview
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of the con�gurations tested during the campaign is given in appendix A.

Before analysing measurements, repeatability of the experiment was checked. Figure 3.5 shows test
2 (con�guration B) repeated 3 times. Accelerations obtained are very similar even one minute after the
drop. There is no need to check the coherence of these measurements. The noise is almost null, and a
single experiment is thus suf�cient to identify modal damping.
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Figure 3.5: Repetition of test 2 in con�guration B three times

Since the signal does not decay to zero in the considered buffer, a speci�c window might be needed
to reduce the leakage on measurements. A commonly used window for signals that do not decay quickly
enough is the exponential window. But this window introduces additional damping in measurements and
low frequencies are more damped than high frequencies. Figure 3.6 shows an example of an exponential
windowed signal compared with a rectangular windowed measurement. For low frequencies (i.e.<
10Hz), the signal is strongly damped and notably distorted. For higher frequencies, the exponential
window becomes useful as it limits the noise which becomes more important.

As only low frequencies will be studied here, transfer functions with no windowing were used for
the identi�cation. A mass drop being close to a white noise, the frequency response function (FRF)
gives a good estimate of the transfer function and no force sensor is needed.
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Figure 3.6: Fourier transform of test 2 (con�guration B) with rectangular and exponential windows for
different ranges of frequencies

3.2.2 Damping identi�cation

From the transient drop response, FRF can be computed and are shown in �gure 3.7. Groups of
modes clearly appear at low frequencies 0.9 to 1.1 Hz, 1.9 to 2.2 Hz, ... as shown by the vertical red
lines in the �gure which correspond to modal frequencies.
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Figure 3.7: Complex mode identi�cation

These groups are simply related to span modes (�rst vertical bending, horizontal bending, ...), with

97



Epistemic uncertainties Chapter 3

some frequency split due to span coupling as observed in �gure 2.26. Figure 3.8 shows an example of a
span mode. For the �rst group of modes (vertical bending), there are thus 6 modes associated with the
6 spans of the test catenary. Above 5 Hz, the frequency separation between mode groups becomes too
small to allow a clear separation.

Figure 3.8: Vertical bending mode of the fourth span

The extraction of damping values from FRF is an identi�cation step and the non-linear frequency
domain output error method, introduced in [78], is used. In the identi�cation, complex modes are used
but, as damping is low, these are close to normal modes and the values can be used in modelling [79].

Figure 3.9 illustrates the dif�culty of identifying 6 modes in the �rst group. More speci�cally the
second mode at0:74Hz does not �t the data very well and this is consistent with an over estimated
damping ratio.
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Figure 3.9: Damping over evaluated for test 6 at1:74Hz

For a robust identi�cation, �ve points inside the� 3dB band are considered good practice. For a
damping of� = 0 :5%at the frequencyf = 0 :9Hz of the �rst modes, a measurement time of555s would
be needed. Since the damping is even lower and longer signals would require maintained excitation with
a shaker, there is a signi�cant uncertainty on the damping for low frequencies.

At higher frequencies, �gure 3.7 shows that damping remains low even though the strong modal
density makes identi�cation more dif�cult. Selected modes around 6 Hz were thus retained for later
comparison. Appendix B lists all the identi�ed damping.

Figure 3.10 groups all the relevant tests and shows the dispersion for the �rst three groups of modes
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thanks to a box plot. The variability of identi�ed damping decreases with frequency as expected. More-
over, outliers (dots of of �gure 3.10 right) could always be traced to obvious over-evaluation of the
damping as done in 3.9. Damping ratios are notably below1%for the whole observed frequency range.
There is a slight decrease for the �rst 3 groups of modes. Then, although only the band around6Hz
was analysed in detail, the measured responses do not show a damping variation at higher frequencies.
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Figure 3.10: Identi�ed damping ratio for the tests1 to 9

3.2.3 Damping model

Selecting a proper damping model has always been a critical subject in vibration problems. A
number of models have been developed and a summary can be found in [80].

Without any experimental data, Rayleigh damping (also called proportional or classical damp-
ing [81]) is typically used. It is a viscous damping proportional to the mass and stiffness matrices.
Viscous damping is the only analytical dissipation model that is linear, it is thus needed for the sake of
computation time.

A piecewise Rayleigh model has been used in OSCAR [6, 1], giving more �exibility to control the
model but also more parameters to determine. The four elements of the catenary structure, namely the
contact (CW) and messenger wires (MW), the dropper (drop) and the steady arm (SA) have thus their
own contribution thanks to two coef�cients each in

�
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Using the modal strain energy methods (MSE [82]) which is generally valid for low damping, one
can estimate modal damping [6] by
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with ! j the temporal frequency inrad=s.
A test on consistency of the method is led by arbitrarily setting� CW = 10 � 4, � MW = 5 � 10� 5,
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� CW = 0 :1, � MW = 0 :05 and all the four other coef�cients �xed to0. Figure 3.11 shows the damping
identi�cation on the simulation of a mass drop. A small level of error exists since an identi�ed damping
appears over the red line, which is not possible in this model. All identi�ed damping ratio are however
found between the two theoretical curves, which means that damping in cables act on all modes and that
damping in SA and droppers cannot be treated by this method. They will thus be treated separately in
sections 3.2.4 and 3.2.5.
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Figure 3.11: Example of identi�ed damping ratio on a mass drop simulation using arbitrary CW and
MW Rayleigh coef�cients.

Ref. [6] showed that using a combined modal and Rayleigh damping respectively for low and high
frequencies allows a more �exible representation of the catenary damping. The method consists in
�xing the modal damping ratio found by identi�cation and compensating the linear Rayleigh damping
for some of the �rst modes.

Fixing the exact identi�ed damping using modal damping is not relevant for a few reasons. First, the
uncertainty on identi�cation of low frequency is very high compared to the damping value. Secondly,
pairing measured and computed modes is dif�cult with the low number of available sensors. Finally, the
aim of this study is to have a damping con�guration as generic as possible for a use with a large range
of catenary types.

It was thus chosen to �x the same modal damping for all modes in a group for the �rst two groups
and use the median identi�ed damping.

Figure 3.10 shows that identi�ed damping decreases with frequency to reach values of around 1h .
Cremer et al., in [83] (p.191) give �exural loss factors of copper� = 2h and brass� = 1h . Damping
ratio can thus be deduced as� = �= 2. Supposing damping ratio of bronze is similar to that of brass,
thuse leads to� CW = 1h and� MW < 0:5h . These values are compatible with test results so that
at high frequencies material damping can be assumed to be the only signi�cant effect, while at low
frequencies some additional mechanisms explain the higher damping found.

The choice of Rayleigh damping coef�cients must thus be compatible with these values for frequen-
cies as high as possible.

Table 3.2.3 summarizes the coef�cients chosen for both damping models and �gure 3.12 shows the
resulting damping in a frequency range of[0 � 70Hz]. It appears that the previous Rayleigh damping
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coef�cients lead to a similar damping ratio for low frequencies but is far higher for medium frequencies.

Table 3.1: Damping coef�cients

Benchmark Rayleigh Rayleigh Rayleigh+Modal

� CW 1 � 10� 4 7 � 10� 6 7 � 10� 6

� CW 1:21� 10� 2 4 � 10� 2 4 � 10� 2

� MW 1 � 10� 4 7 � 10� 6 7 � 10� 6

� MW 1:21� 10� 2 4 � 10� 2 4 � 10� 2

� drop 1 � 10� 4 0 0
� drop 1:21� 10� 2 0 0
� SA 1 � 10� 4 0 0
� SA 1:21� 10� 2 0 0

� 1st group 2:5 � 10� 3

� 2nd group 1:4 � 10� 3
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Figure 3.12: Comparison of identi�ed (box-plot), Benchmark Rayleigh (blue), updated piecewise
Rayleigh (red) and updated piecwise Rayleigh+Modal (yellow) damping ratio for low (left) and
medium (right) frequency range

3.2.4 Dropper damping

The dropper, displayed in �gure 1.2 is a braided metallic wire. Setting the dropper damping to zero
introduces high frequency oscillations at the dropper where the mass is dropped as shown in �gure 3.13.
This numerical problem can be solved by setting the stiffness proportional damping� drop to a non-zero
value.
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Figure 3.13: Velocity of sensor 1 in test 8 compared with simulations using three different damping models

Figure 3.14 shows the evolution of the maximum compensation force in a mid-span dropper (left)
as a function of� drop . A transition zone is observed between10� 4 and10� 2, after which the dropper
is locked. On the left, the total cumulated time droppers of a span are in compression for simulations at
vpanto = 320km=h is null for � drop > 10� 2. To analyse these results, it is useful to detail the dynamic
stiffness of the dropper which is given by

K drop;dyn = K drop � (1 + i� drop ! ): (3.4)

The dropper is a braided metallic wire and a loss factor� drop of less than1% is thus expected. For
vpanto = 320km=h, the dropper passage frequencies go from12Hz to 18Hz which leads to a value of
� drop between8:8 � 10� 5 and1:3 � 10� 4 in order to have� drop = � drop ! = 1%.
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Figure 3.14: Maximum dropper compensation force (left) and total time droppers are in compression
(right) as a function of� drop at vpanto = 320km=h

For any� < 10� 5, the total time of compression is constant. Figure 3.15 shows that for� < 10� 5,
dropper damping has no in�uence on dynamic simulations. For any� > 10� 2, � drop > 1 in the
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frequencies of interest and the dropper is highly dissipative and thus is never in compression. The range
[10� 5 � 10� 2] is where dropper damping can in�uence the response. This is thus a range of interest for
catenary designs involving damped droppers.
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Figure 3.15: Comparison between� drop = 10 � 5 and� drop = 10 � 7 in 70Hz-�ltered contact forces
of two pantographs

Trying to explain oscillations that were seen in �gure 3.13 , �gure 3.16 shows the vertical velocity
simulated at the dropper where the mass is dropped. With a value of� drop set to10� 5, numerical
oscillations that appear at the frequency of330Hz dissipate quicker. This frequency corresponds to the
natural frequency of the spring-mass system composed by the dropper with claws, which was evaluated
to 355Hz. Unfortunately, the only tests where accelerations of the top and bottom of the dropper were
measured simultaneously at the mass drop are those in con�guration B which are sampled at500Hz.
Nevertheless, it would be of interest to characterize dropper damping using adapted tests.

0 0:1 0:2 0:3

0

0:5

� drop=0
� drop=10-5

Time [s]

ve
lo

ci
ty

[m
/s

]

0 100 200 300 400 500
10� 5

10� 4

10� 3

10� 2

10� 1 � drop=0
� drop=10-5

Frequency [Hz]

jA
(!

)j
[m

/s
]

Figure 3.16: Comparison of vertical velocity (left) and its amplitude spectrum (right) between
� drop = 0 and� drop = 10 � 5 for a mass drop
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3.2.5 Steady Arm damping

Seeing joints such as those shown in �gure 1.5, assuming some level of damping due to friction
seems realistic. To evaluate the in�uence of these joints, �gure 3.17 shows70Hz-�ltered contact force
for a simulation atvpanto = 320km=h with SA modelled either as beam or as bar. When modelled
as beam, the claw linking the SA to the CW is blocked in rotation around the CW axis. The slight
difference con�rms that sensitivity exists.
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Figure 3.17:70Hz-�ltered contact force simulated with SA modelled as bar (blue) and beam (red)

To represent damping associated with rotation of the steady arm, a vertical damper at the claw
SA/CW claw is introduced leading to an effect similar to that of a rotational damper at the SA root.
Figure 3.18 shows the resulting identi�ed damping on the simulation with the previous Rayleigh co-
ef�cients and the SA dampers. This contribution increases damping starting with the second group of
modes (around2Hz) and its impact decreases with frequency (almost no difference visible after12Hz).
This trend is not consistent with the experiment which only sees higher damping for the �rst two mode
groups.

Another question of interest is to establish whether the� e coef�cients of CW and MW are relevant
or actually compensate for damping really occurring in the SA. To test this idea, coef�cients� CW and
� MW are set to lower values corresponding to material damping and vertical damping at the SA is �xed
to have a coherent amplitude of oscillations after100s as shown in �gure 3.19 left. The right graph,
indicates that the �rst mode at frequency0:9Hz is over-damped while other modes of the group are
under-damped.
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Figure 3.18: Comparison between identi�ed damping ratio for simulations with Rayleigh only (aster-
isk) and Rayleigh with vertical dampers at steady arms (circle).
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Figure 3.19: Vertical velocity (left) and the spectrum of its amplitude (right) of measurement (blue),
simulation with Rayleigh damping only (red) and simulation with low Rayleigh damping and SA
vertical damper

The proposed steady arm damping model is thus inconsistent with measurements and for further
work steady arm damping will thus remain set to zero.

3.2.6 Evaluation of �nal damping model

Two damping models were �nally considered, the �rst with Rayleigh on contact and messenger
wires only, the second with modal damping on the two �rst groups of modes with a compensation of
Rayleigh damping at these modes. Simulation of a mass drop is �rst compared with measurements and
with the reference Rayleigh model. The impact on a typical pantograph-catenary interaction is then
observed thanks to commonly used criteria to compare models with measurements.

Figure 3.20 shows the velocity of the contact wire, when a mass of40kg is dropped. The �rst
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observation is that Rayleigh and Rayleigh+Modal models give exactly the same results. The damping
variation between the two models thus has no in�uence. The velocity of the reference Rayleigh model
is smoothed as expected by the high damping applied in the medium frequency range. Tests show that
the signal effectively contains energy in the medium frequency domain and validates the new Rayleigh
model in this frequency range. The second part of the �gure focuses on residual vibrations after a long
time and shows that low-frequency damping of the reference is somewhat too small and validates the
one chosen in the new Rayleigh model.
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Figure 3.20: Vertical velocity of the contact wire where the mass is dropped for initial waves (top) and
residual vibration (bottom).

Figure 3.21 shows the70Hz-�ltered contact forces of two pantographs for a simulation at the nom-
inal speedvpanto = 320km=h. The impact of the damping update is stronger on the trailing pantograph
and the new damping coef�cients allow some contact loss to appear at the middle of the span.

Time-signal comparison is dif�cult due to phase shifting. That is why scalar criteria are commonly
used for comparison. Table 3.2.6 groups such criteria. The coef�cients of variation�=F m of the contact
force �ltered at20Hz or 70Hz combine information at low and medium frequencies and do enhanced
understanding of the observed variations. Root Mean Square values (RMS) inside frequency bands give
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more information. In particular, there is no impact for the front pantograph under5Hz. Moreover,
the RMS between20 and 70Hz increases signi�cantly for the both pantographs, as expected. The
interesting decrease of RMS value of the �rst pantograph in the5� 20Hz range illustrates the importance
of properly choosing damping.
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Figure 3.21:70Hz �ltered contact force of the heading (left) and trailing (right) pantograph over one span

Table 3.2: Usual contact force criteria

Damping
model

Pantograph
�=F m

20Hz
�=F m

70Hz
RMS*

]0 � 5] Hz
RMS

[5 � 20]Hz
RMS

[20� 70]Hz
Initial front 0.27 0.35 33.1 34.4 37.8
Updated front 0.25 0.36 32.9 28.1 45.6
Initial rear 0.36 0.42 48.7 39.6 37.3
Updated rear 0.38 0.50 48.4 44.5 54.8

*Root Mean Square

3.3 Element size (�exibility)

Given a vertical force applied on the CW, the �exibility is the ratio between the uplift and the force.
The �exibility is an important characteristic of the catenary and is considered as a design parameter in
the European standard EN50119 [7]. In simulations, contact force between nodes needs interpolation
of the �exibility between nodes. Figure 3.22 shows this interpolation with nodes indicated in dashed
vertical lines and droppers in solid vertical lines. This interpolation introduces waving associated with
the element size. Thus, if the maximum CW element size is �xed to1:5m, the contact force de�ned for
spatial frequencies higher than1=1:5m = 0 :66m� 1 are likely to be perturbed. Atvpanto = 320km=h,
this represents a frequency limit off lim = 59Hz.
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Figure 3.22: Interpolation of �exibility between nodes

Figure 3.23 shows the70Hz-�ltered contact force for CW elements sizes of0:5m and1:5m. The
contact force amplitude around60Hz is clearly higher for CW elements sizes of1:5m. For nominal
pantograph velocities on high speed lines, elements sizes have thus to be lower than1m for validity in
the[0 � 70]Hz range. If simulations at lower speeds are computed, this length has to be reduced.
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Figure 3.23: Contact force �ltered at70Hz (left) and amplitude of its spectrum (right) for CW ele-
ments sizes of1:5m (blue) and0:5m (red) for simulations atvpanto = 320km=h
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Statistical de�nition of random
uncertainty on physical parameters

The catenary geometry was shown in section 1.3 to be the most critical source of variability of the
contact force. A deeper study of this geometry is thus needed. This �rst step of the random problem
considered here is the characterization of random parameters describing the geometry and the estimation
of associated probability density functions (p:d:f: ). The work is decomposed ina priori de�nition
of random geometry parameters, initial selection through sensitivity analysis, and adjustment ofp.d.f.
based on measured data which corresponds to an inverse stochastic problem.

A catenary is divided into sections of about 1 km long. But every section is different. The largest
standard structure of a catenary is thus a span. The associated geometry parameters are discussed in
section 4.1 and a sensitivity analysis allows a �rst selection.

With the objective of solving the inverse stochastic problem, statistics on measured geometries
are needed. Section 4.2 thus discusses available measurements and their limitations. The end result
is a database of test derived span geometries. Given this data, one then seeks to adjust thep.d.f. of
parameters retained in section 4.1 to maximize the likelihood that the test database be observed. The
principles are detailed and results analysed in section 4.3.

Finally section 4.4 deals with parameters that could not be de�ned at the scale of the span but that
could have signi�cant impact on dynamic interactions.

The end result of the chapter is a statistical model of catenary geometry. The impact on dynamic
interactions with the pantograph will then be analysed in chapter 5

4.1 Local sensitivity analysis

The span is the largest standard structure of a catenary. Figure 4.1 illustrates the different param-
eters that can control the static geometry of the catenary (only tension and gravity are applied). These
parameters are described below:

• HCW;lef t andHCW;right are the height of the contact wire at the left and right steady arm of the
span respectively which are considered random to represent changes induced by maintenance of
either the catenary or the track.
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• � H lef t and� H right are the distance between the contact wire and the messenger wire at the left
and right mast of the span. This parameter is used to represent the variation of the steady arm
height relatively to the messenger wire height at mast.

• L drop;i is the length of thei th dropper of the span which is considered random to represent man-
ufacturing tolerances and possible horizontal motion.

• TCW andTMW are respectively the tensions in the contact wire (CW) and in the messenger wire
(MW ) that can vary due to angles of brackets or frictions in joints.

• The bending stiffness in cables could vary due to wear. But quick parametric studies have shown
that a very large variation is needed to see a visible impact on static de�ection. It is thus negligible
compared to the tensions applied in both cables.

The height of the contact wire under thei th dropper of the span is de�ned as parameterHdrop;i and
is an output of the static computation.
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Figure 4.1: Parameters de�ning static geometry of a span

Figure 4.2 shows the impact of a� 20% variation ofTMW andTCW on the contact wire height.
The variation ofTCW has a negligible impact compared to that created by the variation ofTMW . This
is expected since the conducting wire is mostly �at, while the messenger curvature is needed to support
the weight. In the view of this result,TCW is removed from the list of parameters that can be statistically
identi�ed.
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Figure 4.2: Variation of� 20%in TCW (left) and inTMW (right)

Figure 4.3 (left) shows the contact wire height in two conditions: the nominal case withHCW;right =
HCW;lef t = 508cm and a second con�guration where the left mast has been raised of5cm, while
retaining the contact to messenger wire distance of140cm, and similarly the right mast has been lowered
by 5cm in order to amplify the potential variation of the de�ection. The de�ection after projection on
the line linking the two steady arms, shown in 4.3 (right), is nearly identical in both cases. It is thus
clear thatHCW;right andHCW;lef t have no in�uence onCW de�ection if � H right and� H lef t do not
change. Consequently, these parameters will not be taken into account in further studies.
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Figure 4.3: Variation of+5cm for HCW;lef t and� 5cm for HCW;right

Figure 4.4 left shows the impact of a+5cm horizontal shift of the CW. All droppers are thus lightly
inclined and the variation of height is less than1mm. On the right, the shift is supposed to be the same
in the CW as in the MW. The difference of height induced by this shift of5cm is negligible.
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Figure 4.4: Shift of the dropper position on the CW (left) and on both cables simultaneously (right)

Finally �gure 4.5 shows that� H impacts the sag in a non-symmetric way. This parameter is thus
retained.
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Figure 4.5: Variation of+5cm for � H lef t and� 5cm for � H right

After this local sensitivity analysis,11 parameters are retained and assumed independent: the9
dropper lengthsL drop;i , the messenger wire tensionTMW and the distance between the contact wire
and the messenger wire at the mast� H . It is �nally assumed that dropper variations in the horizontal
axial direction can be represented by dropper length variations.

4.2 Geometry measurements

In order to create a relevant statistical model, experimental characterization of the geometry is
needed. In the present study, two measurement types were considered

• Quasi-static data obtained by a pantograph equipped with accelerometer, moving at a speed of
40km=h and applying a force assessed at approximately 36N.

• Optical data

The objective is to extract a database of span geometries from these two measurement types. Section
4.2.1 deals with quasi-static measurements and section 4.2.2 with optical ones.
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4.2.1 Quasi-static measurements

Quasi-static measurements are performed through a pantograph moving at40km=h kept in contact
with the contact wire by applying a vertical force of approximately36N . This measurement thus corre-
sponds to an uplift. A contribution of this work was to demonstrate that these experimental conditions
have a signi�cant impact on the measured sag. An iterative geometry re�nement process following the
steps of �gure 4.6 was thus introduced.

Reference catenary section

Static sag at
iteration n

Dynamic simulation
36N and40km=h

Uplift under pantograph
(simulation of measure)

�Real uplift
from raw measurement

Gap

Hdrop;n +1 =
Hdrop;n + Gap

Inverse static

Stop

-
+ p P

Gap2 > 1mm
p P

Gap2 < 1mm

Figure 4.6: Iterative scheme for measurement correction

Figure 4.7 shows a sample measurement. The horizontal sampling is every2cm and the vertical
accuracy is of1mm. This low accuracy is insuf�cient to detect dropper positions and only provides a
poor approximation of mast positions. The measurement of sway is thus used for mast positioning.

Once these mast positions are known, a reference catenary section is built using dropper tables [84]
and �xing contact wire height at steady arm to5:08m and using� H = 1 :4m. A reference catenary
section is thus built.

The static sag of the nominal catenary model is then computed and a dynamic simulation is per-
formed for conditions corresponding to the measurement, that is to say a pantograph applying a36N
mean-force on a train going at40km=h. From this dynamic simulation, the uplift under the pantograph
can be computed. This value is what the equipment assumes to be the static sag, but should more appro-
priately be called dynamic sag or uplift. The difference between the measured and simulated dynamic
sags at the steady arm and dropper positions then gives an estimate of the geometry error. This gap is
assumed to be representative of the error on the static sag, so that one seeks to correct the static geometry
accordingly.
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Figure 4.7: Real uplift from raw measurement

Obtaining a geometry that matches the target sag is an inverse static problem. The method applied
here is to use dropper lengths as the only variable parameters. This leads to a well posed problem that
has a unique solution. The updated geometry can then be used at stepn + 1 .

The convergence of the computation is controlled by computing the norm of the vector of gaps. In
most cases, convergence is observed after2 iterations with a norm

p P
Gap2 < 1mm.

When using this method, two assumptions are made

• The corrected bias is signi�cantly higher than the remaining measurement uncertainty and the
model uncertainty,

• Correction on dropper lengths only is assumed to lead to an equivalent solution to the one that
could be found by letting all parameters vary.

To verify this second assumption, two similar static sags were generated. A �rst model was gener-
ated by settingTMW to 16kN . By modifying dropper lengths only, a second model withTMW = 20kN
was built to have the same sag. Figure 4.8 shows that the difference is lower than2mm which is the
order of magnitude of the test resolution. The second assumption is thus validated.
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Figure 4.8: Comparison of impact ofTMW andL drop;i on the dynamic correction applied
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Figure 4.9 shows the updated geometry compared to the raw measurement. The applied correction
varies from6mm to 15mm, which is important compared to measurement noise and thus strengthens
the �rst hypothesis.
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Figure 4.9: Measured and updated static sag in a catenary section (left) and simulation of the dynamic
uplift under the pantograph (right)

For the database of available measurements which were obtained on the catenary between Paris and
Strasbourg (LN6), a set of 117 N2-span de�ections were obtained. Each had different heights at masts
but as seen in section 4.1, the height of the contact wire at mast has no impact on the de�ection. In order
to remove these parameters from measurements, projections were done as in �gure 4.3.

Table 4.1 summarizes the number of spans found for each span type. The reference data is thus a set
of � exp = 117 experimental observations(W obs;exp

i )1< = i< = � exp considered as independent realizations
of a random vector(W obs;exp

i ) of size 9. Figure 4.10 shows these realizations.

Table 4.1: Number of quasi-static measurements per span of the catenary type V350

Span length 49.5 54 58.5
Number of spans 87 113 117
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Figure 4.10: Measured de�ection under each dropper of the N2-type span
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4.2.2 Optical measurements

The optical measurements are sampled every 25cm on thex axis and have a resolution of 0.1mm
on they andz axes, which is ten times smaller than the quasi-static measurement. They do not interfere
with the catenary. The available data are mainly for the high speed line linking Paris to Marseilles which
is composed of two different types of catenary, V300 (TMW = 14kN andTCW = 20kN ) and V350
(TMW = 20kN andTCW = 25kN ). Figure 4.11 shows a sample optical measurement.
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Figure 4.11: Raw optical measurement

This high quality measurement almost allows to make out dropper positions in spans. Measurements
are collected by span and the table 4.2 summarizes the number of spans available for each type. Figure
4.12 shows the de�ection measured for45m-length spans.

Table 4.2: Number of optical measurements per span of the catenary type V350

Span length 40.5 45 49.5 54 58.5
Number of spans392 567 205 32 14
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Figure 4.12: Optically measured de�ection under each dropper of the N5-type span

Despite their better quality, optical measurements are still in a development stage and not deployed
in maintenance policy. The identi�cation will thus be led as if no optical measurement were avail-
able and the de�ection samples of45m-length spanN 2 measured optically will be used to verify the
identi�cation.
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4.3 Statistical de�nition of geometry parameters

Now that a set of measurement is available, the most appropriatep.d.f. can be chosen following
the method for statistic inverse problem solving detailed in section 4.3.1. An example of a well posed
problem is detailed in section 4.3.2, which is easy to solve but leads to a biased solution. Finally, section
4.3.3 shows the �nal results retained.

4.3.1 Methods for statistic inverse problem solving

The problem to be solved is to �nd the distributions of eleven parameters, namely the nine dropper
lengths of the N2-type span, the tensionTMW and the �ctive parameter� H knowing de�ection at seven
points, under each droppers. The problem is ill-posed and accepts an in�nity of solutions. A method
has thus to be followed to choose the most probable solution.

The statistic inverse problem involves the systems in �gure 4.13 with

f exp the whole experimental parameters de�ning the real mechanical system

w exp;obs measured observations on the real mechanical system

uexp;nobs variables of the real mechanical system which are not observed

f : the other parameters which are needed to de�ne the complete mechanical model

X the parameters taken into account in the study, they are supposed to be random and the goal is to
�nd their p.d.f.

W obs the observed model output

U nobs not observed model output

The problem is to statistically de�neX while � exp observationsw exp;obs
1 , ...,w exp;obs

� exp are available.
The global framework used is explained by Soize [8] and summarized in �gure 4.14.

Real mechanical systemf exp
w obs;exp

unobs;exp

a) Reality

Nominal modelf
W obs

U nobs

X

b) Model

Figure 4.13: Representation of the studied system
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Choosepprior
X (dx; s), a prior paramet-

ric p.d.f. of the random vectorX ,
parametrized by the hyperparameters

GenerateN samples
(X i )1� i � N from X

ComputeW obs
i = hobs(X i )

with the deterministic model

EstimateW obs from the
sample(W obs

i )1� i � N

Compute the likelihood (4.5) of mea-
surements(w obs;exp

i )1� i � � exp to be a
sample of the random vectorW obs
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X (dx; s); s = s0
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Figure 4.14: Global methodology for solving a statistical inverse problem

The input parameters chosen in section 4.1 are assembled in a random vectorX de�ned in (4.1).

X = [( L drop;i )1< = i< =9 ; TMW ; � H ] (4.1)

The �rst step needed to de�ne the probability density function,p.d.f. , of X is to choose if it follows
a parametric or non-parametric model of distribution. The non-parametric models need a large amount
of data which are not available. Parametric distributions are thus chosen trying to verify the maximum
entropy principle (see [9]) whose aim is to maximize the uncertainty on the available information.

Without information about any correlation between scalar variables ofX , this principle leads to
independent distribution.

For each scalar random variable ofX , the maximum entropy principle is applied again. When the
only known information is that values ofX are positive, the classical choice is a Gamma distribution.
The veri�cation of the principle in that case is developed in appendix C. For each scalar distributionX i
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of X , thep.d.f. is given by

pX (x) =
xk� 1 exp (� x=� )

� k �( k)
(4.2)

with

�( k) =
Z 1

0
e� xxk� 1 dx (4.3)

In order to get more readable results and a good conditioning, these p.d.f. are characterized by their
expectations and standard deviations:

� = k� and � =
p

k� 2 (4.4)

Then, s is de�ned as the vector of hyper-parameters, gathering the expectation� i and standard
deviation� i of each random scalarX i in random vectorX . The vectors is thus a 22-length vector
whose initial valuess0 are set consistently with measurement magnitudes.

Given parameters and associatedp.d.f. de�nitions, random samples ofX of size N i that can
be generated by different methods and used to compute the de�ection of the contact wire and more
speci�cally W obs the output random vector de�ned by thedW obs = 9 non independent heights of the
contact wire under droppers.

The two classical sampling methods are the Monte Carlo (MC) sampling technique or the Latin
HyperSquare (LHS) technique, which are well explained in [11]. The LHS sampling method is at least
as quick as the MC, but requires the independence of the input random vector, which is the case here.
Figure 4.15 shows the convergence of the expectation (left) and variance (right) of the de�ection under
the �rst dropper. The expectation convergence is signi�cantly quicker using the LHS sampling method
although it is not the case for the variance.
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Figure 4.15: Convergence of the two �rst statistical moments, expectation (left) and variance (right)
of the de�ection under the1st dropper for two sampling methods

Two sample drawsX 1 andX 2 of X of sizeN1 = 103 andN4 = 106 were generated. As all
marginal input distributions are supposed independent, the sampling method chosen is the Latin Hyper-
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cube Sampling method (LHS). Once the two corresponding samplesW obs
i computed, the distribution

of W obs is estimated using two different methods:

• Parametric estimation: one uses a Gaussian distribution in order to represent the random vector
W obs. This method displays a quick1=

p
N convergence but can introduce a bias if the parametric

distribution chosen is not �tted

• Non-parametric estimation: one uses the multivariate Gaussian kernel density estimation method
(called KS for Kernel Smoothing). This method is slower with aN � 1=(dW obs +4) convergence but
does not introduce any bias.
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Figure 4.16: Comparison between parametric (dashed) and non-parametric (solid) estimation methods
for samples of sizes103 (blue) and106 (red)

The theoretical convergence speed of the two methods is signi�cantly different. For example, if
one supposes a mean de�ection under the 5th dropper of� 2:5cm with a standard deviation of1cm
(approximately the magnitude observed), the estimation of the mean with a sample of size 1000 will
have 95% of probability to be in the interval[� 2:438cm; � 2:562cm] with the parametric estimation
method and[� 1:348cm; � 3:652cm] with the non-parametric estimation method. One thus wants to
check if the bias introduced is important. To this end, �gure 4.16 compares the two methods for thei
samples computed. On both �gures, one sees that solid lines (i.e. non-parametric estimation) get closer
to the dashed lines (i.e. parametric estimation), which seems to have already converged with a 1000-
sized sample. Moreover, usings0 as initial hyper-parameters, the output samples all succeed in the
Henze-Zirkler's multivariate normality test. One thus chooses to use the parametric estimation method
and verify if the result does still passes the normality test.

Calling pprior
W obs , the estimation of the output distributionW obs with selected hyper-parameterss,

the log-likelihood [10] is de�ned by

J (s) = ln (pprior
W obs (W obs;exp

1 ; s) + ::: + ln (pprior
W obs (W obs;exp

� exp
; s): (4.5)

The likelihood function is thus the product of the conditional probabilities to observe each experimental
observationW obs;exp

� exp knowing s. It is thus natural thats is better ifJ (s) is higher. The maximum
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likelihood principle is then an optimization problem given by

sopt = arg max J (s) (4.6)

In the implementation, the optimization is solved with the Nelder-Mead simplex algorithm available in
thenum.py module of python.

In summary, 11 independent gamma distributions are chosen for input parameters, which creates a
vector of 22 hyper-parameters to be identi�ed. One uses the LHS method to compute a sample ofW obs

which is estimated by a Gaussian multivariate parametric method in order �ndsopt which maximizes
the likelihoodpprior

W obs of the� exp experimental observations(W obs;exp
i ).

4.3.2 Dropper only inverse problem

As there are only 9 observations in vectorW obs, an basic approach would seek to use only 9
parameters and in the present case consider variations of dropper lengths only. This section will illustrate
that this results in a biased solution.

When maintaining �xed every parameters but the dropper lengths, the inverse problem is well posed
as explained in section 4.2.1. The problem is thus quick to solve and results are obtained in a few
minutes. The 117(W obs;exp

i ) thus lead to 117 sets ofL drop;i on which statistical observation can be
performed.

Table 4.3: Dropper length moments

H H H H HHX
s

� � L nom [cm] � [cm]

L drop;1 0.64 0.33
L drop;2 -0.45 0.81
L drop;3 -0.68 1.43
L drop;4 -0.6 1.83
L drop;5 -0.34 1.83
L drop;6 -0.36 1.81
L drop;7 -0.08 1.50
L drop;8 0.19 0.98
L drop;9 0.95 0.41

Table 4.3 shows that the expectation of dropper lengths is higher than the nominal value at the
extremities and lower around the mid-span with a gap of almost1cm for some cases. Moreover, the
standard deviation is very high near the mid-span and low at extremities.
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Figure 4.17: Pearson correlation matrix of dropper lengths

Figure 4.17 displays the Pearson correlation matrix which shows a very strong correlation of almost
1 between every dropper but those at the extremities.

The high disparity of dropper lengths, the high gap between nominal length and identi�ed expecta-
tions, and the strong correlation between dropper lengths leads to the conclusion that the present result
is notably biased and other parameters, not yet taken into account, have a non-negligible variability,
which impacts the contact wire de�ection.

4.3.3 Statistical identi�cation

Variation of droppers only thus cannot explain the entire variability of the contact wire height.
Adding one more parameter, namely the MW tension, leads to an ill-posed problem that needs the
method detailed in section 4.3.1 for parameter identi�cation.

Taking parameters discussed in section 4.1, the whole inverse statistic problem is solved under
python using the OpenTURNS [11] module, while the static problem is solved by OSCAR parallelized
on 40 nodes. Each single static computation lasts around 2s, which leads to an evaluation ofJ (s) (4.5)
in around 80s. The convergence is observed after 2300 iterations with 3300 evaluations ofJ (s) in 3
days.

A �rst optimization led to high mean values of dropper lengthsL drop;i compensated by a high mean
value ofTMW . These incoherent results were corrected by �xing the mean values ofL drop;i which
are the only measured quantities during maintenance and consequently the most relevant quantity to
maintain �xed. Thesopt resulting from the new optimization is displayed in table 4.4.
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Table 4.4: Optimal statistical hyper-parameterssopt

H H H H HHX
s

� [SI ] � [SI ]

TMW 20575 818
� H 1.388 0.0065

L drop;1 1.244 0.0067
L drop;2 1.098 0.0050
L drop;3 0.998 0.0045
L drop;4 0.945 0.0045
L drop;5 0.934 0.0038
L drop;6 0.945 0.0044
L drop;7 0.998 0.0035
L drop;8 1.098 0.0034
L drop;9 1.244 0.0070

Table 4.4 shows thatTMW has a standard deviation of around 818N, which is a very large value since
this tension is regulated by masses installed at the forward and after ends of the catenary. One thus has
to investigate the reason of this large variation, which can be observed in a single catenary. A possible
explanation is the cumulated axial forces applied by brackets on the MW due to temperature variations.
A variation of 500N can be explained that way. Another potential source of tension variation is the
friction in joints linking brackets to masts, but these variations have not been quanti�ed. In any case,
these source directly impactTMW and not another parameter that would have the same consequences
on the output heightW obs.

During the manufacturing of droppers, the measurement accuracy on their length is1cm. The
L drop;i found thus have a coherent value of standard deviation of between3:4mm and7mm. However,
a twice higher variation around the extremities of the span is observed. This issue can be due to an
interaction with� H that is not taken into account or to a bias induced by either measurement or model,
which have been combined while correcting measurements.

For generalization of dropper length distribution to any kind of span the same standard deviation of
dropper lengths is chosen and, to maximize uncertainty, its value is taken to be highest observed one,
namely� dropper = 7mm.
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Figure 4.18: De�ection of the contact wire at dropper positions along the58:5m-length span from
quasi-static measurements and the associated98%con�dence region

Figure 4.18 shows the con�dence region in which, considering the input gamma distributions chosen
with hyper-parameterssopt, the de�ection has a98%of probability to occur. The area has been de�ned
by sampling an input of sizeN = 1e4 and eliminating the0:01%extremal values for each component
of W opt separately. Results �t measurements quite well.

The �nal p.d.f. of TMW is shown in �gure 4.19. This gamma distribution is close to a normal one.
This is attested by the fact that every �nal input distributions have succeed to the Kolmogorov-Smirnov
normality test at the 5% signi�cance level. For the sake of simplicity, input distributions will thus be
de�ned as Gaussian distributions with the same mean and standard deviations as those de�ned for the
Gamma distributions.
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Figure 4.19: Final Gamma distribution ofTMW

With the objective of verifying the results obtained using quasi-static measurements of58:5m-
length spans, a comparison with optical measurements of45m-length spans is considered. Figure
4.20 shows the98% con�dence region computed for dropper lengths and� H mean equal to nomi-
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nal lengths and standard deviations equal to� dropper = 7mm, TMW mean value �xed to nominal value,
i.e. � TMW = 19600N and standard deviation� TMW = 800N . The statistical inverse problem was also
solved with optical measurements and gave� dropper = 7 :2mm, � TMW = 19850 and� TMW = 767N ,
which are close to selected values.
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Figure 4.20: De�ection of the contact wire at dropper positions along the45m-length span and the
98%con�dence region de�ned using quasi-static measurements

4.4 Statistical model for geometry of a whole section

The parameters statistically characterized until now were those in�uencing the sag of the CW at the
scale of the span. At the scale of the whole catenary, parameters in�uencing the dynamic interaction
can be different.

Parameters like the length or angle of the steady arm have been studied separately and do not seem
to impact either geometry or dynamic response for consistent variations.

No information is available about variability of the contact wire tensionTCW . Nevertheless, its
impact on dynamic interaction is well known. That is why it will be assumed that its variability is the
same as that ofTMW , namely, a Gaussian variation with a standard deviation of1000N and a mean
value equal to the nominal value25kN .

The last random parameter which had a negligible in�uence on the sag at the span-scale is the
height of the messenger wire at mast,H MW;Mast . The distribution ofH MW;Mast is de�ned from
measurements of the contact wire height at mast,H CW;Mast . The mean valuemean(H MW;Mast )
will be chosen equal tomean(H CW;Mast ) + � HMast , with � HMast , the nominal distance between
the contact and messenger wires at masts, which might be different between spans. In the general case,
� HMast = 1 :40m. The �rst assumption is thus that the variations ofH MW;Mast are approximately
the same as those ofH CW;Mast .

The second assumption is thatH MW;Mast is a Gaussian random vector of sizenmast , the number
of masts in the model. Using the maximum entropy principle [9] (see [85] for examples) applied to a
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random vectorH MW;Mast , it is assumed that the only available data are the mean valuem X and the
covariance matrixCX

m X = E(H MW;Mast )

CX = E
�

(H MW;Mast � m X )(H MW;Mast � m X )T 	
(4.7)

(4.8)

If a singular value decomposition is applied toCX ,

CX = U � � � U0; (4.9)

the vectorH MW;Mast can be written [86] as a product of the root matrixR and a normalized indepen-
dent, identically distributed Gaussian vectorW of sizenmast ,

H MW;Mast = R � W : (4.10)

whereR is de�ned by

R = U � � 1=2 � U0; (4.11)

The covariance matrixCX , of sizenmast � nmast has to be de�ned from measurements. In that
case,nmast = 24 and the number of measurements ofH CW;Mast at nmast consecutive masts is of
695. It seems large enough butCX is variable when changing the sizenmast and covariance between
spans separated of a �xed number of masts can change drastically. Two observations are made to solve
this issue.

First, the geometry criteria that are linked with cable heights at mast can be the height itself, the
slope or the difference of slope, thus involving a maximum of three consecutive heights. The covariance
matrix is thus simpli�ed by setting to zero covariances betweenH MW;Mast at masts separated of three
spans or more. This means that even ifH MW;Mast at one mast is strongly dependent toH MW;Mast

three masts after or before, this covariance is not taken into account. Setting these covariances to zero
maximizes the variability ofH MW;Mast and thus its in�uence on dynamic interactions.

Another motivation to limit the correlation to a distance of two spans (three consecutive masts) came
from the observation of �gure 4.21 left. Two contact forces were computed using the same con�guration
and changing only the mast height atx = 850m by 2cm. The signal is �ltered at20Hz and an impact
is observed between the previous mast aroundx = 800m and two masts after the modi�ed one, around
x = 950m. Thus, if a correlation exists between two masts separated by two or more other masts, it is
not necessary to take into account this correlation since this has no impact on dynamics.

However, other simulations were performed using values of model parameters that have been cali-
brated in chapter 3. Using the de�ned contact stiffness, damping and �ltering the contact force at70Hz
changes the observation. The right �gure shows that the term to term signal comparison is no longer
suf�cient to assess the negligible impact of a mast height on the contact force computed three spans
before or after.
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Figure 4.21: Difference of forces when the mast atx = 850m is raised of+2cm �ltered at 20Hz using
former damping and contact stiffness (left) and �ltered at70Hz using damping and contact stiffness
de�ned in chapter 3 (right)

It �nally appeared hypothesis did not need to be revised, as mast height has a signi�cantly lower
impact on dynamics than other parameters and maximizing its variability is not critical.

The second observation is that the functionCX can be approximated by a stationary estimator as
explained by Perrin [87]. In practice, this means that inside a section, the covariance between two
consecutiveH MW;Mast are assumed independent of their position in the section. The diagonal and
super-diagonals ofCX are thus constant values and the matrix has the form

CX =

2

6
6
6
6
6
6
6
4

a b c 0 � � �

b a b c
...

c b
... ... ...

0 c
... ... ...

...
... ... ... ...

3

7
7
7
7
7
7
7
5

(4.12)

Finally, an experimental set of2052measurements collected by an optical system on theLN 1 line
between the cities of Paris and Lyon lead the following coef�cients:

a = 3 :88e� 4 b = 3 :23e� 4 c = 3 :06e� 4 (4.13)

From the covariance matrixCX , the singular values� 2
1, � 2

2 and� 2
3 can be computed. These values

can be used to de�ne thep.d.f. of the distribution in the frame(s1; s2; s3) wheresi are independently
distributed [86],

p.d.f. (s1; s2; s3) =
1

2� 3=2
p

det(CX )
exp

�
�

s2
1

2� 2
1

�
s2

2

2� 2
2

�
s2

3

2� 2
3

�
(4.14)

and thus the equations of iso-probability contours of the multivariate Gaussian distribution are equations
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of an ellipsoid,
�

s1

� 1

� 2

+
�

s2

� 2

� 2

+
�

s3

� 3

� 2

= c: (4.15)

This sum of squared independent Gaussian distributions is known to be a Chi-Square distribution and
the thresholdc needed to have99%of the distribution inside the ellipsoid can thus be determined from
Chi-Square tables leading toc = 11:345. Figure 4.22 shows the con�dence region associated with
probability level99%back in the frame of height variationsdhi .

Figure 4.22: Con�dence region associated with probability level0:99%(yellow) compared with mea-
surements (blue) of three consecutive variations of MW height at mast

Previously, the distance between contact wire and messenger wire at masts� Hmast was �xed,
which is not the case. In the full catenary model, this value is not de�ned and depends on other parame-
ters. It appears that leaving� Hmast to its nominal value and letting every other parameters vary leads to
a standard deviation of� Hmast of 8mm which is approximately the same variability found previously.
This parameter can thus be removed from the list of input parameters. Finally, retained input parameters
variabilities can be summarized in the table 4.5.

Table 4.5: Input parameters variability

Parameter TMW TCW L drop H MW;Mast

Distribution Gaussian Gaussian Gaussian Multivariate Gaussian
� 1000N 1000N 7mm matrix CX (4.12)

128



Chapter 5

Sensitivity analysis on outputs

All the relevant sources of variability linked with the catenary have been statistically characterized in
chapter 4. The next step is to propagate this uncertainty in the model and observe the impact of input pa-
rameter variabilities output quantities of interest. Section 5.1 thus develops numerical criteria associated
with outputs. In particular geometric criteria currently monitored in maintenance, and dynamic criteria
relevant to qualify current collection quality. Section 5.2 then exposes the Sobol analysis method used
for ranking sources and its results. Section 5.3 then considers the correlation between geometric and
dynamic output criteria. Finally, section 5.4 addresses direct dependencies of dynamic output criteria to
input parameters.

5.1 Output criteria on geometry and dynamics

Two types of criteria are de�ned: geometric and dynamic ones. Geometry criteria are deduced from
the contact wire height and supposed to be measurable using existing vehicles. The basic objectives that
are used in maintenance policy are limits on contact wire heightHCW and limits on slope between two
consecutive masts (i.e. along a span),� HCW;Span [3]. Dynamic criteria are used to qualify the current
collection quality. The only mechanical criterion commonly used for certi�cation [2] is the coef�cient
of variation of the20Hz-�ltered contact force, which is de�ned as its standard deviation divided by
its mean,(�=F m )20Hz . In addition, the uplift at steady armsUplif t is also controlled for security
purposes. If uplifts are too high, there are indeed risks that the pantograph bow could hit the cantilever
of the steady arm.

To these classical dynamic criteria, two new criteria were added, namely themax(�=F m )mov de-
veloped in section 5.1.1, and a mechanical equivalent to the French electric criterionNQ, developed
in section 5.1.2. Other geometric criteria that could be relevant to check are added and the full list of
selected output criteria is detailed in section 5.1.3.

5.1.1 Moving�=F m

The �=Fm criterion given by standards is computed on a20Hz-�ltered signal. Modi�cations
of catenary damping and contact stiffness in chapter 3 have shown that the medium frequency range
also contains signi�cant energy and that the lack of knowledge on contact stiffness currently limits the
�ltering frequency to70Hz. Figure 5.1 shows the contact force along a span �ltered at20Hz and70Hz.
Signals are signi�cantly different and the corresponding�=Fm criterion is equal to0:24 at 20Hz and
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0:34at70Hz. The standard deviation is indeed reduced when �ltering to lower frequencies as observed
on the right �gure where the distribution is narrower around the mean value, while the most important
part is the distribution tail. Even if the contact force followed a normal distribution, using the�=Fm
criterion on a20Hz-�ltered signal and supposing that there is less than0:1% of probability to have a
force of less thanFm � 3� would be very coarse. As the dynamic behaviour at higher frequencies was
not yet known, this �ltering was the only option. But it now seems more legitimate to study the signal
�ltered at the new frequency limit of70Hz.
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Figure 5.1:20Hz (blue) and70Hz (red) �ltered contact force (left) and corresponding histograms (right)

The usual�=Fm criterion is a global quantity that can potentially hide local phenomena. It is thus
a good criterion to compare two pantographs running under a catenary, but not to detect defaults in the
catenary. For instance, if a claw is added in a section, the local contact loss that often appears will have
a small impact on the�=Fm value computed over the whole section. To solve this issue, this quantity
can be computed locally. Moving the window in which�=Fm is computed leads to a new time signal,
smoothed compared to the contact forceFc. For a very small window, this criterion has exactly the
variations of contact force.

Simulations over a full section of1300m length were computed with a clean regular section and the
same section with1kg masses added at the �rst and third droppers of the span starting at805m. Figure
5.2 shows the contact force (top) and theMoving (�=F m ) (bottom) over the modi�ed and surrounding
spans. When computed over the full section, the�=Fm criterion is exactly the same in both cases,
namely0:202. The20Hz low pass �ltering of the contact force also completely hides the perturbation
observed when �ltering at70Hz, whereas theMoving (�=F m ) criterion clearly detects the perturbed
zone despite acting as a low-pass �lter [88]. This new criterion can thus be a good indicator to localise
catenary issues at the scale of the span. The intermediate spatial length thus avoids averaging of�=F m

and local �uctuations of contact force. Nevertheless, this criterion is again a time-signal and cannot be
compared directly between different con�gurations. The maximum of this signal,max(�=F m )mov , will
thus be taken later.
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Figure 5.2:20Hz (dashed thick) and70Hz (solid thin) �ltered contact forces for a clean catenary
(blue) and a catenary with added masses (red) and correspondingMoving (�=F m ) computed on the
70Hz �ltered contact force over50m.

5.1.2 Mechanical equivalent to "NQ"

The "non quality"NQ is a common criterion used in French certi�cation procedures to asses the
current collection quality [28] and it has been detailed in section 1.1.3. This electrical criterion is
not equivalent to the mechanical(�=F m )20Hz criterion given by standards since no localisation in the
section is given by the mechanical criterion. This section thus aims, using available measurements, to
build a mechanical criterionNQmeca equivalent to the electric one.

Contact force is usually measured only for train or catenary certi�cation. The collected signal is
thus recorded only after being low pass �ltered at20Hz. Arcs, which are usually shorter than10ms
or at frequencies higher than100Hz can thus hardly be compared with these �ltered contact forces.
Moreover, as only one of the criteria has to be used for certi�cation, mechanical and electrical data are
rarely collected simultaneously.

However, the tests for certi�cation of the VelaroD were used to collect optical and mechanical
measurements simultaneously. Three sections of120s at a running speed of300km=h were available
in a con�guration generating a particularly high quantity of arcing, which might not be representative
of the common current collection.

The pantograph used is a CX with a bow composed of two independent bands (see �gures 1.6 and
1.7 in section 1.1.2 for pictures). The contact force is thus a composition of four force measurements,
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at each left and right small plungers of front and rear bands, corrected by inertia forces estimated using
accelerations.

The raw contact force is displayed on the left of �gure 5.3. The force is sometimes negative, which
is physically impossible. The error mainly comes from the bow bending mode which is not taken into
account when summing forces. The left �gure shows that the position of the contact wire on the bow
can be guessed. When the difference is highest between the left and right forces, the contact wire is on
the side where the force is the highest.
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Figure 5.3: Sum of all forces (left), cumulated forces on the left (blue) and right (red) of the bow (right)

Figure 5.4 shows the total front and rear forces at high frequency. The front band seems more
solicited than the rear one. This is con�rmed by the amplitude of spectrum displayed on the right. For
both, a resonance appears around100Hz. As detailed in section 3.1 there is a doubt on whether this can
be attributed to bow bending or contact stiffness resonance.
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Figure 5.4: Cumulated forces (left) and their amplitude spectrum (right) of the front (blue) and rear
(red) contact band

Figure 5.5 shows measured arcs andI the electric current consumed. WhenI is low, arcs do not
appear but pantograph-catenary dynamic interaction is not necessarily better. Standards �x the minimum
valueI min = 120A, representing 30% of the maximum current to avoid taking into account sections
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where the method cannot assess the interaction quality. The right �gure shows the arc rate as a function
of the selected thresholdI mini . A threshold of150A will be selected to avoid missing detections, in
particular for the �rst measurement (solid).
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Figure 5.5: Arc time and current collected as a function of time (left),NQ and ratio of collection time
as a function ofI min (right)

A mechanical equivalent to theNQ can be introduced by making the hypothesis that an optically
measurable arc is created when the contact force is below a thresholdFcrit for a time dtmin . The
current instrumentation can detect arcs of1ms and standards take into account only arcs of more than
5ms. Both thresholds are thus kept. Figure 5.6 shows this equivalent,NQmeca computed for different
frequencies, thresholds and minimum arcing time. Under80Hz, there is no difference between the
selectedtmin , there is a transition zone between80Hz and120Hz after which there is no evolution
of NQmeca with frequency. This �gure shows that �ltering under120Hz introduces a bias in the
evaluation ofNQmeca. The left �gure shows that a thresholdFmin �xed at 45N gives good results for
both selectedtmin .

0
20

40
60

50100150200

5

10

Fmin
Frequency [Hz]

N
Q

m
ec

a
[%

]

5ms

1ms

0 10 20 30 40 50 60

5

10

Mes1 20Hz 1ms

200Hz 1ms

20Hz 5ms

200Hz 5ms

Fmin [N]

N
Q

m
ec

a
[%

]

NQ1ms

NQ5ms

Figure 5.6:NQmeca as a function ofFmin and �ltering frequency for two differenttmin (left), com-
parison with the electrical criterionNQ computed for the corresponding thresholdstmin (right)
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Figure 5.7 shows the resultingFmin found using the two other measurements. Despite of the sig-
ni�cantly different current collection quality, the equivalentNQmeca is always found forFmin between
45N and50N .

0 10 20 30 40 50 60

2

4

6

8
Mes2 20Hz 1ms

200Hz 1ms

20Hz 5ms

20Hz 5ms

Fmin [N]

N
Q

m
ec

a
[%

]

NQ5ms

NQ1ms

0 10 20 30 40 50 60

2

4

6

Mes3 20Hz 1ms

200Hz 1ms

20Hz 5ms

20Hz 5ms

Fmin [N]
N

Q
m

ec
a

[%
] NQ1ms

NQ5ms

Figure 5.7: Comparison ofNQmeca with electrical criterionNQ computed for the corresponding
thresholdstmin for two other measurements

Figure 5.8 shows the time and length of arcs detected mechanically and electrically. Mechanical
criterion (red) detect arcs at good positions. The longer period of mechanically found arcs comes from
the fact that an electric arc cannot last more than25ms due to the current frequency of50Hz. The
cumulative time of multiple local arcs usually is generally equivalent to the long arc found mechanically.
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Figure 5.8: Arc time detected by mechanical (red) and electrical (blue) methods

There are nevertheless some cases where an arc is detected only mechanically or electrically. The
most common of such cases is displayed in �gure 5.9. The CW is on the right side and the right force is
over the de�nedFcrit but the left force is evaluated to a negative value and skews the total force.
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Figure 5.9: Arc detected mechanically and not electrically when CW is on the right side of the contact band

Figure 5.10 shows a second case where an arc should appear when the CW is placed in the middle
of the contact band. The total forceFtotal goes under the thresholdFmin = 45N for a short time at2:8s.
This corresponds to the �rst bending mode of the bow which is not taken into account when summing
forces.
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Figure 5.10: Arc detected mechanically and not electrically when CW is in the middle of the contact band

Despite the particularity of the pantograph which might not be representative to those currently
used on the French railway network, a good agreement has been found between the mechanical and
electrical criteria. The localisation and time duration of arcs �t quite well and a number of exceptions
were explained.

This criterion is not equivalent to the usual�=F m criterion even if bad current collection quality is
usually detected by both criteria. A parametric study of dynamic simulations varying the messenger wire
tensionTMW underlines this difference. Figure 5.11 shows these two criteria computed for tensions
varying between14kN and 22kN . Both criteria are regularly consistent, they detect a bad current
collection quality atTMW = 14kN or 19N and good current collection atTMW = 17:75kN . But
in the case ofTMW = 20:3kN , results are different,NQ says that current collection is good whereas
�=F m is more mitigated.
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Figure 5.11:(�=F m )70Hz (left) andNQ70Hz (right) as a function ofTMW

Figure 5.12 shows the contact force computed along a span for these three different tensions. The
contact force at20:3kN seems as good as that at17:75kN and theNQmeca criterion thus seems more
relevant in this case.
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Figure 5.12: Contact force along a span forTMW = 14; 17:7 and20:3kN

5.1.3 List of output criteria

While (�=F m )20Hz is a scalar value for a given simulation,HCW and� HCW;Span are vectors. As
only scalars are possible for Sobol analysis that will be considered next, these dimensions are converted
to scalars, taking for example their maxima or their standard deviation. Thus,HCW is observed as
max(HCW ), min (HCW ) and� (HCW ) which could give different information. For a correspondence
with maintenance guidelines, threshold overruns are also observed as criteria, which will be denoted,
for example with the contact wire height, asHCW > 5:12m.

In addition to these classical dimensions, several other that are believed to be relevant [56] are
introduced here. The following dimensions are thus observed:

• the difference of span slope at one mast:� 2HCW;Span
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• the sag inside a span:Sag

• the slope between the steady arm and the �rst dropper and between the last dropper of a span and
the steady arm:� HCW;Drop

• break of slope between� HCW;Drop before and after the mast at mast:� 2HCW;Drop;Mast

• break of slope at droppers before and after masts considering the slope between the closest sur-
rounding dropper or mast
� 2HCW;Drop;Drop

• NQmeca with a threshold �xed to80N because the pantograph has a good dynamic behaviour for
the velocityvpanto = 80m=s chosen. Threshold has thus to be increased forNQmeca not to be
null.

• max(�=F m )mov , the maximum of coef�cient of variation of the contact force computed over
50m along the catenary.

Finally, all dynamic criteria are also computed for a70Hz-�ltered contact force as it is assumed that a
signi�cant amount of information is lost if �ltering at20Hz. OSCAR, the simulation tool used here, is
only validated until20Hz by the standards [34], but results are believed to be reliable at much higher
frequencies. Table 5.1 summarizes all the selected criteria.

Table 5.1: Geometric and Dynamic criteria

min , max and� of
HCW contact wire height

� HCW;Span slope between two consecutive masts
� 2HCW;Span difference of slope between two consecutive masts, at a mast

Sag sag in a span
� HCW;Drop slope between the CW height at steady arm and at the �rst

dropper and between the one at the last dropper of a span and
at the steady arm

� 2HCW;Drop;Mast break of slope between� HCW;Drop before and after the mast
at mast

� 2HCW;Drop;Drop break of slope at droppers before and after masts considering
the slope between the closest surrounding dropper or mast

HCW > 5:12m Proportion ofHCW over5:12m
HCW < 5m Proportion ofHCW under5m

� HCW;Span > 4cm Proportion of� HCW;Span over4cm
� HCW;Span < � 4cm Proportion of� HCW;Span under� 4cm
� 2HCW;Span > 4cm Proportion of� 2HCW;Span over4cm

� 2HCW;Span < � 4cm Proportion of� 2HCW;Span under� 4cm
Sag > 0:7mm=m Proportion ofSagover0:7mm=m

� HCW;Drop > 0:2cm Proportion of� HCW;Drop over0:2cm
� HCW;Drop < � 0:2cm Proportion of� HCW;Drop under� 0:2cm
� 2HCW;Drop;Mast > 0 Proportion of� 2HCW;Drop;Mast over0cm=m
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� 2HCW;Drop;Mast < � 0:05 Proportion of� 2HCW;Drop;Mast under� 0:05cm=m
� 2HCW;Drop;Drop > 0 Proportion of� 2HCW;Drop;Drop over0cm=m

� 2HCW;Drop;Drop < � 0:4 Proportion of� 2HCW;Drop;Drop over� 0:4cm=m

(Fmin )20Hz minimum20Hz-�ltered contact force
(Fmax )20Hz maximum20Hz-�ltered contact force
(�=F m )20Hz coef�cient of variation of20Hz-�ltered contact force

max(�=F m )mov;20Hz maximum of coef�cient of variation of20Hz-�ltered contact
force computed over50m along the catenary

(NQ)20Hz proportion of time during which20Hz-�ltered contact force
is under40N , if the period is longer than5ms

(Fmin )70Hz minimum70Hz-�ltered contact force
(Fmax )70Hz maximum70Hz-�ltered contact force
(�=F m )70Hz coef�cient of variation of70Hz-�ltered contact force

max(�=F m )mov;70Hz maximum of coef�cient of variation of70Hz-�ltered contact
force computed over50m along the catenary

(NQ)70Hz proportion of time during which70Hz-�ltered contact force
is under80N , if the period is longer than5ms

max(Uplif t ) maximum uplift at steady arm

5.2 Sobol sensitivity analysis

The simple local sensitivity analysis, consisting in varying parameters one at a time by a small
amount around a nominal value, was used in sections 4.1 and 1.3 to quickly eliminate some parameters
from the study. The remaining parameters being fully statistically de�ned, a global sensitivity analysis
method is needed. The objective is to let all parameters vary simultaneously over their entire feasible
space in order to assess the effects on the output of both individual variables/parameters and interactions
between them.

Section 5.2.1 develops the general method of Sobol indices and section 5.2.2 discusses results.

5.2.1 Principles and method selection

Global sensitivity analysis using Sobol indices is based on a decomposition of the variance. The
model is viewed as a black-box represented by a functionY(X ) whereX is the random input vector,
X = ( TMW ; TCW ; L drop ; H MW;Mast ) and Y an univariate output. Sobol indices are computed
separately for each criteria de�ned in section 5.1.

First order indicesS1;i and total-effect indicesST;i are de�ned by [12, 13]

S1;i =
V arX i (EX; � i (Y jX i ))

V ar(Y )
;

ST;i =
EX i (V arX; � i (Y jX i ))

V ar(Y )
;

(5.1)

(5.2)

whereV ar is the variance function,E the expectation andX � i indicates the set of all input variables
exceptX i .

138



Section 5.2 Sobol sensitivity analysis

The �rst order Sobol indicesS1;i are used to de�ne the sensitivity of an outputY to a parameter
X i alone as a local sensitivity analysis would do. For instance, if the variation ofX i does not impact
Y , the expectationEX; � i (Y jX i )) is constant whenX i varies and thus,V arX i (EX; � i (Y jX i )) = 0 and
S1;i = 0 . The interactions not being taken into account, the sum of �rst order indices is bounded,

X

i

S1;i � 1: (5.3)

Equality to1 is obtained if the global variation ofY is the sum of those induced by variations of each
X i separately. In this case, the contribution of each parameter is independent of the variation of others
and local or global sensitivity analyses give the same results.

Higher order indices can be computed to quantify the sensitivity ofY to an interaction between
several parameters. For instance, the second order index of parametersX i andX j is given by

Si;j =
V arX i ;X j (EX; � i (Y jX i ; X j ))

V ar(Y )
: (5.4)

Computing these indices requires a larger number of simulations and they have not been considered in
this work.

The total effect index of one parameterX i corresponds to the variability ofY induced by the varia-
tions ofX i and of interactions with every other parametersX j 6= i and can thus be written as

ST;i = S1;i +
X

j 6= i

Si;j +
X

j 6= i 6= k

Si;j;k ::: + S1;:::;n : (5.5)

Interactions being taken into account for each total index,

X

i

ST;i � 1 (5.6)

with equality found again when the model is purely additive. As a result, pie chart representations such
as 5.16 will be scaled to1. The only quantity always representing the total variance [89] is

X

i

S1;i +
X

i

X

j>i

Si;j + ::: + S1;:::;n = 1 : (5.7)

The main condition for a proper application of the method is to have independent inputs, which
is not the case for the different heightsH MW;Mast . In that case, the solution of grouping correlated
inputs together as proposed by Jacques [90], works well. Moreover, it is more interesting to have the
impact of the sizeH MW;Mast in general than of each span separately. This is also the case of all
dropper lengthsL drop , which are thus also grouped even if they are independently distributed. Besides,
reducing the number of group of inputs increases the convergence speed of indices. The random input
vectorX is thus composed of four groups of parameters,

X = [ TCW ; TMW ; H MW;Mast ; L drop ]: (5.8)
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The sampling strategy chosen is the simple Monte-Carlo sampling, giving easy control of conver-
gence. The method requires two independent samplesA andB of the same random vectorX , of size
N . From these two samples, four mixed samples are de�ned as follows,

8
>>>>>>>>><

>>>>>>>>>:

A = [ TCW (A); TMW (A); H MW;Mast (A); L drop (A)]

B = [ TCW (B ); TMW (B ); H MW;Mast (B ); L drop (B )]

A1
B = [ TCW (B ); TMW (A); H MW;Mast (A); L drop (A)]

A2
B = [ TCW (A); TMW (B ); H MW;Mast (A); L drop (A)]

A3
B = [ TCW (A); TMW (A); H MW;Mast (B ); L drop (A)]

A4
B = [ TCW (A); TMW (A); H MW;Mast (A); L drop (B )]

(5.9)

Sobol indices cannot be computed directly but estimators exist for their approximation. Several esti-
mators ofV arX i (EX; � i (Y jX i )) andEX i (V arX; � i (Y jX i )) have been developed mainly by Sobol [12],
Homma [13], Satelli [89] and Jansen [91]

V arX i (EX; � i (Y jX i ))

=
1
N

NX

j =1

Y(A) j � Y (B i
A ) j � E (Y )2 Sobol

=
1
N

NX

j =1

Y(B ) j �
�
Y (A i

B ) j � Y (A) j
�

Satelli

= V ar(Y ) �
1

2N

NX

j =1

�
Y (B ) j � Y (A i

B ) j
� 2

Jansen

(5.10)

(5.11)

(5.12)

and

EX i (V arX; � i (Y jX i ))

= V ar(Y ) �
1
N

NX

j =1

Y(A) j � Y (A i
B ) j + E(Y)2 Homma

=
1
N

NX

j =1

Y(A) j
�
Y (A) j � Y (A i

B ) j
�

Sobol

=
1

2N

NX

j =1

�
Y (A) j � Y (A i

B ) j
� 2

Jansen

(5.13)

(5.14)

(5.15)

The estimation ofE(Y )2 in (5.10) and (5.13) and ofV ar(Y ) for the evaluation ofS1;i andSt;i is

140



Section 5.2 Sobol sensitivity analysis

treated by Janon [92] who proposes to replace the usual

E (Y )2 =
�

Y (A)
� 2

=

0

@ 1
N

NX

j =1

Y(A) j

1

A

2

(5.16)

by taking into account the observation ofY (A i
B ),

E (Y )2 =

 
Y (A) + Y(A i

B )
2

! 2

=

0

@ 1
2N

NX

j =1

Y(A) j + Y(A i
B ) j

1

A

2

(5.17)

and similarly, replacing

V ar(Y ) =
1
N

NX

j =1

Y(A)2
j � Y (A)

2
(5.18)

by

V ar(Y ) =
1

2N

NX

j =1

�
Y (A)2

j + Y(A i
B )2

j

�
�

 
Y (A) + Y(A i

B )
2

! 2

(5.19)

Finally, the three estimators of each kind of Sobol sensitivity index kept are those with the numerator
de�ned in equations (5.10) to (5.15) and the denominator de�ned in equation (5.19). Their convergence
speed are compared using the bootstrap method described by Archer [93] or Yang [94]. The principle is
to generate a sample of sizeN with replacement of the set of output, which is also of sizeN . The Sobol
indices can thus be computed from this sub-sample. Repeating the processB = 1000 times allows to
de�ne 95% con�dence intervals from theseB values of Sobol indices. Gradually increasing N leads to
graphs of convergence. The computation has been stopped atN = 1000, which corresponds to6000
dynamic simulations, after 3 weeks of computation.

Figure 5.13 shows the convergence of two Sobol indices for theNH mast criterion. This criterion is
strongly dependent onHMW;Mast and the Jansen estimator is the best for the associated �rst order Sobol
index. For theTCW parameter, the Sobol index is expected to be close to zero and it is observed that
the Satelli estimator converges signi�cantly faster. Only the Sobol estimator has problems converging.
And it should be reminded that the most interesting indices are those closer to 1.

Based on a selection of similar results it was chosen to retain the Jansen estimator for �rst order
Sobol indices. Its convergence is signi�cantly faster when the link between criterion and parameter is
non-linear as observed in �gure 5.14 on a dynamic criterion.

Figure 5.15 shows the same analysis on total effect indices. The Homma and Jansen estimators are
identical and converge faster than the Sobol estimator. Again, the Jansen estimator of total effect Sobol
indices will be kept in the following.
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Figure 5.13: Convergence of �rst order Sobol indices ofHMW;Mast (top) andTCW (bottom) on
NH mast considering three different estimators and their95%con�dence intervals

More explicitly, the estimations ofS1;i andSt;i retained are thus
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1

2N

P N
j =1

�
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B ) j
� 2
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(5.20)

(5.21)

142



Section 5.2 Sobol sensitivity analysis

Figure 5.14: Convergence of �rst order Sobol index ofTCW on�=F m 70Hz considering three different
estimators and their95%con�dence intervals

Figure 5.15: Convergence of total effect Sobol index ofTMW on �=F m 70Hz considering three dif-
ferent estimators and their95%con�dence intervals

5.2.2 Results

The objective of this section is to summarize trends found from �rst order and total effect Sobol
indices. The pie charts for all criteria are grouped in E. Simulations were performed using a V350-
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type catenary over one existing section of1:4km. The velocity of the pantograph was �xed under the
nominal velocity of the catenary that isvpanto = 80m=s. The pantograph used is that of section 2.1.

For several criteria, the sum of �rst order indices is signi�cantly lower than1, for instance with
(Fmax )20Hz in �gure 5.16. This implies that the main part of output criteria variation is due to combined
effect of several input parameters. This general trend motivated the use of total order indices instead of
local ones.

Figure 5.16: First order (left) and total order (right) Sobol indices of the four parameters on(Fmax )20Hz

Nevertheless, for many geometric criteria, this sum is close to1 showing cases where an additive
model of uncertainty can be used. In the single case of �gure 5.17, the pie corresponding to the total
effect indices is signi�cantly different. It is then probable that the concerned criterion has encountered
a convergence issue.

Figure 5.17: First order (left) and total order Sobol indices of the four parameters on
� HCW;Drop;Mast > 0:2cm=m
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Figure 5.18 shows total order indices for a typical geometric criterion. In almost all the currently
used geometry criteria, namelyHCW;Mast < 5:04m, HCW;Mast > 5:12m, � HCW;span > 4cm,
� HCW;Span < � 4cm, the prominent parameter isHMW;Mast . Height of the MW at mast is usu-
ally what is changed, when maintenance is performed. The maintenance solution is thus consistent with
the geometric criteria.

Figure 5.18: Total order Sobol indices of the four parameters onHCW;Mast > 5:12m

More local geometric criteria linked to� HCW;Drop;Mast and� HCW;DropDrop are all less sensitive
to HMW;Mast but have varying sensitivity to the other parameters. Three criteria,� (� 2HCW;Drop;Drop ),
max(� 2HCW;Drop;Mast ) andSagmax , displayed in �gure 5.19, are noticeable since their variability is
almost entirely explained by one parameter. They could thus be good criteria to check separatelyL drop ,
TCW and TMW respectively. Moreover, the comparison between �rst order and total effect indices
of these three criteria shows that the impact of the main parameter is direct and not mainly due to
interactions with others.

First order Sobol indices of dynamic criteria show that their variabilities never follow an additive
model of uncertainty.

None of dynamic criteria is sensitive to theHM;Mast parameter. The catenary maintenance policy
currently applied thus has no link with current collection quality characterized by dynamic criteria.

Dynamic criteria based on20Hz and70Hz low pass �ltered contact force give sensibly the same
results. Variations of criteria are always higher when �ltering at70Hz, showing that a non-negligible
part of energy is in the[20Hz � 70Hz] frequency range and that this energy always in�uences dynamic
criteria.

Figure 5.20 shows that the reference global dynamic criterion�=F m is mainly sensitive to tensions
in cablesTCW andTMW even if the impact of messenger wire is due to combined effect with another
parameter, probablyTCW again.
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Figure 5.19: Total order Sobol indices of the four parameters on� (� 2HCW;Drop;Drop ) (left),
max(� 2HCW;Drop;Mast ) (center) andSagmax (right)

Figure 5.20: First order (left) and total order Sobol indices of the four parameters on(�=F m )70Hz

Figure 5.21 shows that more local dynamic criteria such asNQ, max(�=F m )mov or Fmin and
Fmax are more sensitive to local accidents induced byL drop than the global�=F m shown in �gure 5.20,
which means thatNQ, even if it is computed globally, gives a better representation of the local current
collection quality than the global�=F m .
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Section 5.3 Correlation between geometric and dynamic criteria

Figure 5.21: Total order Sobol indices of the four parameters onNQ70Hz (left) and
max(�=F m )mov; 70Hz (right)

Figure 5.22 shows that the dynamic criterionmax(Uplif t ) has the same repartition of sensitivity to
input parameters than other dynamic criteria but its variation is very low. In practice, even if this value
can be measured easily directly on the catenary, the value is expected to be more dependent on mean
contact force or velocity variation.

Figure 5.22: Total order Sobol indices of the four parameters onmax(Uplif t )

5.3 Correlation between geometric and dynamic criteria

An interesting objective for maintenance applications is to �nd a set of geometric criteria that can
help assessing the quality of the dynamic interaction. A monotonic relationship between geometric
and dynamic criteria is thus needed. The Spearman's rank order correlation, explained in [11] aims to
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measure the strength of this monotonic relationship.

Table 5.3 shows the most correlated geometric criteria for the four selected dynamic criteria and their
correlation coef�cients. An absolute coef�cient of correlation lower than0:3 is generally interpreted as
very low, which is the case of almost all coef�cients. Geometric criteria that have been shown to depend
on only one parameter are those better correlated with dynamic criteria. Nevertheless, some correlations
are not intuitive as it is the case withSagmax . Collection quality is generally better with a smaller sag
and thus dynamic criteria are smaller too, exceptFmin . The opposite trend is thus observed here.

Table 5.2: Spearman correlation coef�cients between geometric and dynamic criteria

X X X X X X X X X X XGeometric
Dynamic

(�=F m )70Hz max(�=F m )mov;70Hz NQ70Hz (Fmin )70Hz

max(� 2HCW;Drop;Mast ) -0.43 -0.42 -0.32 0.03
Sagmax -0.23 -0.31 -0.41 0.35
� (� 2HCW;Drop;Mast ) -0.23 -0.27 -0.28 0.20

Figure 5.23 shows the dynamic criteria as a function of their most correlated geometric criteria. The
correlation seems poor and it is clear that measuring one of these geometric criteria hardly ensures that
current collection quality will be good.
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Figure 5.23: Dynamic criteria as a function of their most correlated geometric criteria

A linear combination of geometric criteria can improve the result. A quick optimisation of the linear
combination

max(� 2HCW;Drop;Mast ) + a � Sagmax (5.22)

is obtained by maximizing the Spearman correlation coef�cient with dynamic criteria for variablea.
Figure 5.24 shows that the best correlation is found for the dynamic criterionNQ70Hz . This correlation
is still not clear on the left �gure.
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Figure 5.24: Spearman correlation of dynamic criteria as a function of a combination factora (left),
variation ofNQ70Hz as a function of the most correlated combination of geometric criteria (right)

None of the exposed geometric criteria can clearly assess the dynamic pantograph-catenary interac-
tion. Maintenance guidelines of the catenary geometry can thus hardly be improved. Thresholds �xed
on the catenary geometry only exist for security purpose and cannot be used to guarantee a good current
collection quality.

5.4 Dependence of dynamic criteria on input parameters

Dynamic criteria have been shown to be equally sensitive toTMW , TCW andL drop . L drop being
a vector linked with local scale of the catenary, a dependency can hardly be found between dynamic
criteria and this parameter. Moreover, is not a parameter that changes in time,L drop is thus put aside in
this section.

Figure 5.25 shows the variation of(�=F m )70Hz as a function of tensions. No correlation seems to
appear and this is also the case of all other dynamic criteria.

22 23 24 25 26 27 28

0:22

0:24

0:26

0:28

TCW [kN]

(�
/F

m
) 7

0H
z

17 18 19 20 21 22 23

0:22

0:24

0:26

0:28

TMW [kN]

(�
/F

m
) 7

0H
z

Figure 5.25: Evolution of(�=F m )70Hz as a function ofTCW (left) andTMW (right) when all four
parameters vary
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Nevertheless, a strong correlation is observed between the global dynamic criterion(�=F m )70Hz

and the sum of tensions,TCW + TMW . This correlation shown in �gure 5.26 cannot be detected
using the correlation coef�cient because of its non-monotonic relationship. The observed behaviour
is surprising since the dynamic criterion was expected to be monotonically decreasing with tensions
increasing. This correlation is less clear on other dynamic criteria which give a more local description
of the dynamic interaction.
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Figure 5.26: Evolution of(�=F m )70Hz as a function ofTCW + TMW when all four parameters vary

Figure 5.27 shows a parametric study where for each value of the sumTCW + TMW , four values
of TCW andTMW were chosen. The range of values has been extended to[35� 55]kN . It appears that
the observed phenomenon is local and happens only around the operating point. This kind of behaviour
is certainly the result of coincidences of phenomena studied in chapter 2.
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Figure 5.27: Evolution of(�=F m )70Hz as a function ofTCW + TMW with other parameters �xed
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Chapter 6

Conclusions and Perspectives

Conclusions

The �rst set of thesis contributions was related to model validation and physical phenomena under-
standing.

Starting with the catenary, tests, detailed in chapter 2, were used to con�rm the validity of wire mod-
els. For messenger wires, the characterisation of wave dispersion showed the in�uence of voids between
yarns. The string model, where bending stiffness is ignored, was shown to be relevant at low frequen-
cies but to induce notable differences in transients. Different cases of wave re�ection/transmission were
analytically analysed and compared to simulations and measurements. In particular, useful conclusions
were drawn:

• a mass placed on the contact wire only induces re�ections in medium and high frequencies and
thus has only a local impact;

• waves generated at a dropper in the contact and messenger wires offset each other at the next or
previous dropper;

• at mast, waves in the messenger wire are fully re�ected while re�ections on steady arm are negli-
gible. This behaviour confers a high importance to droppers surrounding the mast and to the ratio
between dynamic impedances of wires.

Continuing with the dynamic interaction between the pantograph and the catenary, an effort was
made to distinguish effects and characteristic frequencies linked with static geometry, wave propagation
and modes in the �xed frame associated with the catenary and in the moving frame associated with the
pantograph, with a summary given in section 2.3.6.

The coincidence of frequencies or characteristic times were shown to explain most variations in
the quantities of interest in particular contact forces and uplift. For instance, if the pantograph velocity
vpanto is equal todspan f mode, thenvpanto kspan = f mode and the current collection quality is signi�-
cantly improved. Another coincidence isf wave;cat+ = f mode which is probably the cause of the local
sensitivity of dynamic criteria to the sum of wires mechanical tensions observed in section 5.4. As a re-
sult, it can be assessed that the sum of wave velocities in contact and messenger wires is a dimensioning
variable of the catenary.

The main epistemic uncertainties linked to model parameters were discussed in chapter 3. The phys-
ical contact stiffness value given by the Hertz theory was shown to be relevant. The contact resonance
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obtained is in the same frequency range than the �rst bending mode of the bow. Interpreting contact
force at frequencies higher than70Hz thus needs to take into account these local �exibilities.

Tests were performed and led to catenary damping values that are signi�cantly lower than the com-
monly used values for frequencies higher than5Hz. These results are compatible with the assumption
that energy is only dissipated trough material damping. This implies that the contact force energy in
the medium frequency range was signi�cantly under estimated. This poor estimation was in great part
due to the fact that standards advise to �lter the contact force at20Hz. It should be noted that studies
led by SDTools have shown that current measurement strategies are actually not compatible with the
estimation of contact forces at higher frequencies.

The last epistemic uncertainty considered is linked with the contact wire element size. It was in
particular shown that good results in the[0 � 70Hz] frequency range require this element size to be
lower than1m for nominal pantograph velocity (typically 300km/h) and even reduced if the velocity
decreases.

The second set of thesis contributions was related to uncertainty characterization and derived results.
The initial sensitivity analysis presented in section 1.3, addressed catenary geometry, wire wear and
aerodynamic loading and was used to motivate the focus of further work on catenary geometry.

In chapter 4, geometry measurements were used to statistically characterize the catenary parameters
that in�uence geometry. The well-posed inverse problem consisting of changing dropper lengths only
led to a biased solution. Other input parameters were thus introduced and the ill-posed problem then had
to be considered as a statistical inverse problem. Results showed that variations of messenger wire were
unexpectedly important for a tension regulated catenary. But later discussions con�rmed the plausibility
of values obtained through the inverse problem. After having de�ned parameters that in�uence the static
geometry, the contact wire tension variations were supposed to be similar to the messenger wire ones,
because of a lack of information.

These parameter distributions were then used in chapter 5 to perform a sensitivity analysis on ge-
ometric and dynamic criteria using Sobol indices. The aim was to �nd new geometric criteria adapted
to dynamic interaction quality that would be more relevant than geometric criteria currently used in
maintenance policy. An important conclusion was that no geometric criterion seems well correlated
with dynamic ones. Therefore, the only way to ensure a good current collection quality is either to use
dynamic measurements or improve the control of mechanical tensions in cables. Nevertheless, mainte-
nance policy on geometry should be kept for security purpose, especially for gauging and sway.

Perspectives

Several observations described in chapter 2 can be taken into account for catenary design. In par-
ticular, the reduction of the messenger wire dynamic impedance appeared to greatly improve current
collection quality. New shapes or materials for messenger wire that can ful�l the electrical and mechan-
ical requirements that have a smaller linear mass could thus be considered. The wave re�ection in the
messenger at mast also appeared to have its importance. Current collection could be improved if a way
to attenuate the associated wave is found, for instance using a dissipative attachment.

Although, catenaries are usually optimized for a design speed the average exploitation is usual
lower. There is thus a trade-off between certi�cation performance at the design speed and average
performance at the lower exploitation speed, which may be more relevant in optimizing a maintenance
policy. Improvement can also be found in this domain, particularly in the case of multi-pantograph
con�gurations.
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The conclusions from the sensitivity analysis have to be extended to other pantographs and multi-
pantograph con�guration to comfort con�dence in their generality. Nevertheless, mechanical tension
variations in wires appeared to be high for catenaries that are supposed to be regulated by a tension
system. As these variations signi�cantly impact current collection quality, it is interesting to develop a
measurement tool that can control these tensions. Moreover, �nding the source of this variability and a
procedure to reduce it would help future catenary design efforts.

Then, the current methods to measure contact force appeared to be the most blocking point for
further development of more adapted dynamic criteria such asNQmeca or for model validations. As a
�rst step, the currently used measurement system could be kept and a more robust estimator, such as a
Kalman �lter, should be used to obtain valid contact force measurements at higher frequencies. As a
second step, revised pantograph instrumentation and force estimation procedures should be investigated.

With improved contact force measurement procedures, measurement trains such as IRIS320, or
commercial trains with instrumented pantographs, would provide massive data, as already available for
tracks. This would enable tracking of evolutions in time and quanti�cation of other sources of variability.
With such data, default detection could become reliable, and dynamic measurements could �nally be
used for conditional catenary maintenance.

Virtual certi�cation remains an important perspective. The simulations becoming more and more
accurate and robust, their use in train certi�cation processes also becomes more legitimate.

Finally, many of the results shown were made possible by the signi�cant performance enhancements
of OSCAR and its ability to handle large parametric studies. This work thus illustrates the global shift
of computational mechanics from using isolated computations as validations of performance to using
large numerical experiments to optimize for performance, maintenance, and robustness to irreducible
variabilities.
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Appendix A

Test con�gurations

A.1 Con�guration A

Figure A.1: Sensors (red) and input (blue) for con�guration A

Test
Input

Sampling [Hz]
Tension [kN]

Position Mass [kg] CW MW
1 1 40.6 1000 20 14
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A.2 Con�guration B

Figure A.2: Sensors (red) and input (blue) for con�guration B

Test
Input

Sampling [Hz]
Tension [kN]

Position Mass [kg] CW MW
2 1 40.6 500 20 14
3 2 20.2 500 20 14
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A.3 Con�guration C

Figure A.3: Sensors (red) and input (blue) for con�guration C

Test
Input

Sampling [Hz]
Tension [kN]

Position Mass [kg] CW MW
4 1 40.6 1000 20 14
5 2 9.46 1000 20 14
6 2 40.6 1000 20 14
7 3 40.6 1000 20 14
8 4 40.6 1000 20 14
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A.4 Con�guration D

Figure A.4: Sensors (red) and input (blue) for con�guration D

Test
Input

Sampling [Hz]
Tension [kN]

Position Mass [kg] CW MW
9 1 40.6 1000 20 14
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A.5 Con�guration E

Figure A.5: Sensors (red) and input (blue) for con�guration E

Test
Input

Sampling [Hz] Middle mass [kg]
Tension [kN]

Position Mass [kg] CW MW
10 1 20.2 1000 0 18 14
11 1 20.2 1000 0 19 14
12 1 20.2 1000 0 20 14
13 1 20.2 1000 4.87 20 14
14 1 20.2 1000 9.6 20 14
15 1 40.6 1000 0 20 14
16 2 20.2 1000 0 20 14
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A.6 Con�guration F

Figure A.6: Sensors (red) and input (blue) for con�guration F

Test
Input

Sampling [Hz] Middle mass [kg]
Tension [kN]

Position Mass [kg] CW MW
17 1 20.2 1000 0 20 14
18 2 20.2 1000 0 20 14
19 3 9.6 1000 0 20 14
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Appendix B

Damping identi�cations

B.1 test 1

Frequency [Hz] Damping [h ]
0:88 3:70
0:90 2:19
0:93 2:31
0:95 8:13
0:99 2:57
1:01 4:03
1:72 1:50
1:76 1:37
1:82 1:08
1:86 1:34
1:90 0:96
1:94 1:16
1:99 1:31
2:03 1:59
2:58 0:85
2:64 1:02
2:74 3:56
2:80 1:24
2:89 1:35
3:02 1:93
6:08 1:15
6:30 0:85
6:48 0:78
6:64 1:00
6:64 0:98

B.2 test 2

Frequency [Hz] Damping [h ]
0:87 1:60
0:92 1:84
0:93 1:96
0:98 2:57
1:00 2:97
1:70 0:79
1:74 0:87
1:80 1:33
1:84 2:40
1:87 1:33
1:91 1:28
1:96 1:00
2:00 0:77
3:88 2:33
3:97 3:18
4:34 1:59
5:74 1:63
5:87 3:07
6:00 1:87
6:42 1:79
6:47 5:01
6:56 1:40
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B.3 test 3

Frequency [Hz] Damping [h ]
0:86 2:03
0:92 1:41
0:93 1:86
1:00 3:44
1:69 0:92
1:73 1:53
1:80 1:68
1:85 1:67
1:85 1:10
1:86 0:85
1:95 0:55
2:54 0:55
2:60 0:61
2:69 0:73
2:91 1:24
2:98 1:28
6:10 1:44
6:22 1:20
6:30 1:99
6:40 1:19
6:66 1:29
6:75 0:53

B.4 test 4

Frequency [Hz] Damping [h ]
0:90 3:08
0:94 2:00
0:97 0:55
1:00 5:26
1:71 1:84
1:75 1:87
1:80 1:94
1:84 4:29
1:88 1:44
1:94 0:96
2:01 1:27
2:04 2:03
2:10 2:00
2:57 1:33
2:64 2:90
2:68 1:69
2:73 1:32
2:77 1:42
2:84 2:21
2:88 1:03
2:96 0:93
3:02 0:51
6:07 0:44
6:20 1:10
6:49 0:96
6:64 0:44
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B.5 test 5

Frequency [Hz] Damping [h ]
0:88 5:75
0:90 2:94
0:94 1:86
0:97 2:19
1:00 2:28
1:01 1:43
1:70 0:16
1:74 1:14
1:81 0:88
1:85 1:00
1:97 0:35
2:01 0:69
2:55 0:51
2:62 0:94
2:72 0:60
2:77 0:93
2:87 0:58
2:94 0:42
3:01 0:43
6:15 0:72
6:27 0:65
6:36 0:61
6:49 1:44
6:74 0:28

B.6 test 6

Frequency [Hz] Damping [h ]
0:90 3:84
0:94 3:82
1:01 2:77
1:70 0:47
1:74 9:14
1:81 1:76
1:93 1:35
1:97 0:98
2:01 0:61
2:56 0:88
2:60 2:92
2:62 0:94
2:65 2:38
2:70 2:45
2:77 0:99
2:81 0:71
2:88 0:35
2:95 1:45
3:01 0:18
3:03 1:12
3:09 1:98
5:91 0:25
6:28 0:65
6:36 0:39
6:49 0:50
6:63 0:63
6:75 0:33
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B.7 test 7

Frequency [Hz] Damping [h ]
0:90 2:88
0:94 2:47
0:97 2:32
0:98 4:07
0:99 4:75
1:01 1:72
1:70 1:32
1:74 1:32
1:80 4:82
1:84 1:22
1:89 2:05
1:93 1:67
1:98 3:72
2:01 1:19
2:62 1:83
2:77 1:33
2:81 1:06
2:87 0:44
3:01 0:42
6:15 1:75
6:26 0:86
6:31 0:88
6:35 0:65
6:47 1:16
6:62 0:29
6:72 1:08
6:83 0:58

B.8 test 8

Frequency [Hz] Damping [h ]
0:88 4:06
0:90 2:99
0:94 2:53
1:00 1:44
1:01 1:77
1:71 0:89
1:75 1:29
1:81 1:54
1:84 3:68
1:94 1:20
1:97 2:33
1:98 1:43
2:02 0:64
2:58 4:52
2:63 1:14
2:69 1:45
2:76 1:61
2:78 0:79
2:83 1:81
2:88 0:67
5:91 0:65
6:06 0:75
6:16 1:99
6:27 0:55
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B.9 test 9

Frequency [Hz] Damping [h ]
0:91 7:90
0:95 1:50
0:98 3:29
1:00 1:73
1:01 1:98
1:72 2:55
1:75 2:28
1:77 1:90
1:81 3:53
1:84 2:75
1:85 2:40
1:86 1:46
1:87 3:66
1:89 2:61
1:90 2:89
1:94 2:09
1:95 2:29
1:96 1:39
2:02 4:11
2:03 6:81
6:12 0:93
6:33 1:31
6:36 0:86
6:44 0:83
6:54 1:06
6:81 0:58

B.10 test 10

Frequency [Hz] Damping [h ]
1:07 1:32
2:11 1:14
3:13 1:55
3:16 3:08
4:11 2:90
4:19 4:96
5:01 6:35
6:78 1:81
8:83 2:86
9:91 2:63
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Appendix C

Application of the maximum entropy
principle

In this section, one discusses about a particular example to choose a parametric distribution using the
maximum entropy principle. Other cases can be found in literature and are summarized after.

C.1 Problem

The problem is to identify the probability density function (p:d:f: ), p(x) which maximizes the
uncertainty by applying the maximum entropy principle [9], satisfying the conditions imposed. In this
example, these conditions are �xed by the following hypotheses.

• Let X be a random vector of dimension1 de�ned by itsp.d.f.p(x)

• p(x) is supposed strictly positive:Cpar = R�
+

• The expectation ofp(x) is supposed to be known :E f p(x)g = �

• The expectation of the logarithm ofX is bounded:E(log X ) = k; jkj < + 1

This last condition is weaker than supposing the variance known but is necessary. Supposing known
the variance makes the problem more dif�cult to solve and not taking any condition leads to a �nal
distribution equal to the exponentialp.d.f.controlled by a unique parameter� [85].

All the previous constraints lead to an admissible setCad of p(x) de�ned by

Cad = f p : Cpar ! R+ ; Cpar = R�
+ ;

Z

R�
+

p(x) dx = 1 ;
Z

R�
+

x � p(x) dx = �;

Z

R�
+

logx � p(x) dx = k; jkj < + 1g
(C.1)

The maximum entropy principle [95, 9] consists in �nding thep.d.f.p(x) insideCad (i.e. satisfying
the constraints de�ned by the available informations) and verifying

p(x) = arg max
p2Cad

H (p) (C.2)

165



Application of the maximum entropy principle Appendix C

With H , the entropy function de�ned by

H (p) = �
Z

R�
+

p(x) � logp(x) dx (C.3)

To solve this optimization problem under constraint, the Lagrange multiplier method is classi-
cally used [85]. It leads to an optimization problem without constraint. Three Lagrange coef�cients
(� 1; � 2; � 3) are thus introduced such that:

F (p; � 1; � 2; � 3) = �
Z

R�
+

p(x) � logp(x) dx + � 1

" Z

R�
+

p(x) dx � 1

#

+ � 2

" Z

R�
+

x � p(x) dx � �

#

+ � 3

" Z

R�
+

logx � p(x) dx � k

#

=
Z

R�
+

L (x; p(x); � 1; � 2; � 3) dx � � 1 � � 2 � � � � 3 � k

With
L (x; p; � 1; � 2; � 3) = � p � logp + � 1p (C.4)

The problem is now to �nd the set(p; � 1; � 2; � 3) which sets the derivative ofL in p to zero,

@L
@p

= 0

� 1 � log(p) + � 1 + � 2 � x + � 3 � log(x) = 0

(C.5)

(C.6)

Thus,

p(x) = e� 1 � 1+ � 2 �x � x � 3

p(x) = a � e� b�x � xc

(C.7)

(C.8)

With b > 0 for the integral to be de�ned onR�
+ .

Now the constraint imposed byCad are applied,
Z

R�
+

p(x) dx = 1

a �
Z

R�
+

e� b�x � xc dx = 1

a =
1R

R�
+

xc � e� b�x dx

(C.9)

(C.10)

(C.11)
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Thus,

p(x) =
1R

R�
+

tc � e� b�t dt
� e� b�x � x � c (C.12)

Then Z

R�
+

x � p(x) dx = �

1R
R�

+
tc � e� b�t dt

�
Z

R�
+

e� b�x � xc+1 dx = �

(C.13)

(C.14)

By integration by part,

1R
R�

+
tc � e� b�t dt

�

 �
x � c+1 �

e� b�x

� b

� + 1

0
�
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(c + 1) x � c �
e� b�x

� b
dx

!

= �

�

R
R�

+
tc � e� b�t dt

R
R�

+
tc � e� b�t dt

�
c + 1
� b

= �

c = � � b� 1

(C.15)

(C.16)

(C.17)

Thus,

p(x) =
1R

R�
+

t � �b� 1 � e� b�t dt
� e� b�x � x � �b� 1 (C.18)

Given that the value ofk is not supposed known, it is eliminated by setting arbitraryb = 1
� 2 �� . Knowing

� > 0, the conditionjkj < + 1 is �lled.

p(x) =
1

R
R�

+
t

1
� 2 � 1 � e

� t
� 2 � � dt

� x
1

� 2 � 1 � e
� x

� 2 � � (C.19)

By substitution t
� 2 �� = u, t = u � � 2 � � anddt = � 2 � � � du,
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(C.21)

(C.22)

With �( � ) the Gamma function.

C.2 Some other dimension1 cases found in litterature[85]

• If one knows only the expectation and variance of a random variable, the Gaussian distribution
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Application of the maximum entropy principle Appendix C

must be taken.

• If one knows the expectation, variance and that the variable is positive, it has been shown that the
gamma distribution must be taken.

• If one knows the expectation and that the variable is positive, the exponentialp.d.f.must be taken.

• If one knows nothing about a random variable, the uniform distribution between�1 and+ 1
must be taken.

• If one knows only the boundaries of a random variable, the uniform distribution between these
boundaries must be taken.

C.3 Generalization to a random vector of dimensionn

Cover has shown[96] (chapter 2) that the maximum entropy of a random vector is found when all
the random variables are independent. One thus chooses to take independent distributions except if a
correlation is known.
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Appendix D

Variation of TMW due to dilatation

The studied catenaries have messenger and contact wire tensions regulated using a system of pulley and
masses as shown in �gure 1.3. Variations of temperature induce shrinking or dilatation of wires. Brack-
ets, that carry wires can rotate around the vertical axis to keep mechanical tensions in wires constant.
Rotation thus induces a translation of the link between the steady arm and the contact wire and between
the bracket and the messenger wire.

Coef�cients of thermal expansion of contact and messenger wires are approximately the same25� C,
(

� th;CW = 16:5 � 10� 6K � 1

� th;MW = 17:5 � 10� 6K � 1:
(D.1)

and will thus be approximated to� th = 17 � 10� 6K � 1.

Wires are axially �xed in the middle of the catenary section by the use of anchors to avoid progres-
sive translation of wires. The axial displacement of a point in wires can thus be computed

dxth = � th �TD (D.2)

whereD is the distance of the observed point to the anchor and�T is the temperature variation in� C.

Supposing that the catenary has been tuned at a temperature of20� C, and knowing that the tension
regulation device is designed to work in a temperature range of[� 20� C; 60� C], the maximum temper-
ature variation is thus of�T max = 40 � C. The maximum distance to the anchor being around700m, the
maximum axial displacement of the wires is

dxth;max = 47:6cm: (D.3)

This wire translation induces a rotation of brackets that can apply an axial force on wires. Taking
the worst case for the contact wire, namely, all the steady arms are shifted to the maximum limit �xed
by maintenance policy,dxSA;i = 10cm, one can de�ne the con�guration shown in �gure D.1.

In that con�guration, considering a periodical catenary composed of spans of lengthL Span = 45m,
the displacement of the messenger wire at a bracket positioned at a distance ofi spans to the anchor is

dxB;i = � th � �T max � i � L Span : (D.4)
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Figure D.1: Position of cantilever

The distance between the mast and the messenger wire at the bracket changes every other span to keep
the stagger of� 20cm. Thus,

L Bracket;i = 2 :75� (� 1)i � Stag (D.5)
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whereStag is of 20cm From these data, angles and transversal displacement can be computed,

tan � B;i =
dxB;i

L Bracket;i

sin � SA;i =
dxSA

L Bracket;i

dyB;i = L Bracket;i � (1 � cos� B;i )

dySA;i = ( � 1)i � L SA � (1 � cos (� SA;i � (� 1)i � � B;i ))

dyCW;i = dyB;i + dySA;i

tan � CW;i =
Stag � (� 1)i � (dyCW;i +1 � dyCW;i )

L Span

(D.6)

(D.7)

(D.8)

(D.9)

(D.10)

(D.11)

Equilibrium at link between steady arm and contact wire projected on~x and~y gives
(

FSA;i � sin (� SA;i + � B;i ) + TCW;i +1 � cos� CW;i +1 = TCW;i � cos� CW;i

FSA;i � cos (� SA;i + � B;i ) = TCW;i � sin � CW;i + TCW;i +1 � sin � CW;i +1
(D.12)

which leads to

TCW;i +1 = TCW;i �
cos� CW;i � tan � SA;i + ( � 1)i � � B;i ) � sin � CW;i

cos� CW;i +1 + tan ( � SA;i + � B;i ) � sin � CW;i +1
: (D.13)

Similarly, applied to the messenger wire,

TMW;i +1 = TMW;i �
cos� MW;i � tan � B;i � sin � MW;i

cos� MW;i +1 + tan � B;i � sin � MW;i +1
: (D.14)

Summing these series for which initial values are
(

TCW;1 = 26kN

TMW; 1 = 20kN;
(D.15)

leads to a cumulated maximum variation of tension between the position of the anchor and700m away
of around655N in CW and512N in MW.
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Pies of Sobol indices
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INTRODUCTION DE VARIABILITÉ DANS UN MODÈLE D'INTERACTION DYNAMIQUE

PANTOGRAPHE-CATÉNAIRE

RÉSUMÉ : L'alimentation électrique des trains s'effectue en général par une interface pantographe-
caténaire représentant un système mécanique couplé complexe. Les phénomènes dynamiques inter-
venant dans l'interaction entre le pantographe et la caténaire sont encore mal connus. Par ailleurs, le com-
portement dynamique du système est très variable car sensible à de nombreux paramètres. La première
contribution de cette thèse est de proposer une analyse détaillée de l'interaction dynamique pantographe-
caténaire en étudiant en particulier la réponse dynamique du pantographe à la géométrie de la caténaire
ainsi que les propagations, ré�exions et transmissions des ondes dans cette dernière. Il a ainsi été démon-
tré que la coïncidence spatiale, temporelle ou fréquentielle de ces différents phénomènes est à l'origine
de la majorité des variations des quantités d'intérêt. Par ailleurs, l'étude des ondes a montré que les
pendules entourant le poteau avaient une importance particulière dans l'interaction dynamique et que les
paramètres tels que le rapport des impédances dynamiques et la somme des vitesses des ondes dans les
câbles étaient des variables dimensionnantes dans la caténaire. La seconde contribution a été de réduire
les principales incertitudes épistémiques liées au modèle telles que l'amortissement dans la caténaire, la
raideur de contact et la taille des éléments. La dernière contribution était d'implémenter des paramètres
variables dans le modèle en utilisant les mesures disponibles. À partir de ce modèle aléatoire, les incer-
titudes ont été classées en utilisant les indices de Sobol sur des critères géométriques et dynamiques.
L'absence de corrélation entre les critères géométriques et dynamique observée a des conséquences no-
tables sur la politique de maintenance. En�n, le grand nombre d'études de sensibilités réalisés a permis
de souligner la maturité de l'outil de simulation et de proposer des orientations pour les travaux futurs pour
la conception, maintenance ou homologation de pantographes ou de caténaires.

Mots clé : dynamique pantographe-caténaire, propagation d'ondes, coïncidences de fréquences, amor-
tissement, contact, problème statistique inverse, propagation d'incertitude, qualité de captage

INTRODUCTION OF VARIABILITY INTO PANTOGRAPH-CATENARY DYNAMIC
SIMULATIONS

ABSTRACT : In railways, electrical current is generally collected by the train through a complex coupled
mechanical system composed of a pantograph and a catenary. Dynamic phenomena that occur during
their interaction are still not fully understood. Furthermore, the system behaviour is sensitive to numer-
ous parameters and thus highly variable. The �rst contribution of this thesis is a detailed analysis of the
pantograph-catenary dynamic interaction separating phenomena due to the dynamic response of the pan-
tograph to the catenary geometry from wave propagations, re�ections and transmissions that occur in the
catenary. The coincidence of frequencies or characteristic times is then shown to explain most variations
in the quantities of interest. Moreover, droppers surrounding the mast have been shown to be particularly
important in dynamic interaction. Ratio of wire impedances and sum of wave velocities also appeared to
be dimensioning quantities for catenary design. The second contribution was to reduce epistemic uncer-
tainty linked with model parameters such as catenary damping, contact stiffness and element size. The
�nal contribution was to use the model in a con�guration with random parameters. An initial step was to
statistically characterise physical catenary parameters using available measurements. From this random
model, ranking of uncertainties using Sobol indices on static and dynamic criteria was shown to be possi-
ble. An absence of correlation between geometric and dynamic criteria was also found, which has notable
implications for maintenance policies. The high number of sensitivity studies also gave the occasion to
highlight the maturity of simulation tool and propose directions for further work on design, maintenance or
certi�cation of pantographs and catenaries.

Keywords : Pantograph - catenary dynamics, wave propagation, frequency coincidences, damping,
contact, statistical inverse problem, propagation of uncertainty, current collection quality
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